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Introduction 



This thesis is concerned with some problems in two areas of Fourier Analy- 
sis: uniqueness theory of trigonometric expansions, and the theory of translation 
invariant subspaces in function spaces. 

Our main result in the first area extends to Iq spaces (g > 2) a deep phenom- 
enon found by Piatetski-Shapiro in 1954 for the space cq. 

The approach we developed also enabled us to get a result in the second men- 
tioned area, which a priori does not look connected with the first one. The result 
(maybe, a bit surprising) is: one cannot characterize the functions in or 
L^(]R), 1 < p < 2, whose translates span the whole space, by the zero set of 
their Fourier transform. This should be contrasted against the classical Wiener 
theorems related to the cases p = 1,2. 

Below we give a detailed exposition of the main results proved in this thesis. 

1. Piatetski-Shapiro's Phenomenon 

Background. The theory of uniqueness deals with the question: if a function 
admits a representation by a trigonometric series, f{t) = c„ e*"*, is this 

representation unique? The answer depends on the sense in which the convergence 
of the series is understood. It was proved by Cantor that if the series converges 
at every point then the coefficients {c„} are uniquely defined. On the other hand, 
for convergence almost everywhere the uniqueness result fails. This was proved by 
Menshov who constructed a trigonometric series which converges to zero almost 
everywhere, but which is not identically zero. 

A central concept in this subject is the notion of a set of uniqueness. A set 
E of measure zero is called a set of uniqueness, if the only trigonometric series 
which converges to zero everywhere outside E is the series which is identically 
zero. Thus if a function admits a representation by a trigonometric series which 
converges everywhere outside a set of uniqueness, then the coefficients of the series 
are uniquely defined. A set E which is not a set of uniqueness, is called a set of 
multiplicity. The problem to determine which sets E of measure zero are sets of 
uniqueness and which are sets of multiplicity, is very difficult. It is well-known 
that a crucial role is played by the arithmetic properties of the set [1], 144] . 

If the set E is closed then the following criterion is available: £" is a set 
of multiplicity if and only if there is a non-zero Schwartz distribution on the 
circle, which is supported by E, and has Fourier coefficients tending to zero [19] . 
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Unfortunately, this criterion is still difficult to check. However, it is common to 
use this criterion in order to show that a given set E is a. set of multiplicity, by 
constructing a measure which is supported by E and which has Fourier coefficients 
tending to zero. The existence of such a measure is a special property of a set of 
multiplicity, and in such a case E is called a set of restricted multiplicity. 

In fact, most known sets of multiplicity are sets of restricted multiplicity, and 
it was long believed that the two notions actually coincide. However, in 1954 
Piatetski-Shapiro [37] refuted this hypothesis by constructing an example of a 
closed set of multiplicity E such that no measure supported by E can have Fourier 
coefficients tending to zero. This subject was further developed by Korner [25] 
and Kaufman [22] . During the 1980's, a strong structural difference between the 
two notions was found using methods of descriptive set theory [23] . 

Results. We investigate the following problem. Suppose that E is a. closed set 
on the circle, which supports a Schwartz distribution 5* ~ ^ CnC^'"'^ whose Fourier 
coefficients {c„} belong to a certain space ^ . Must then E also support a measure 
fi whose Fourier coefficients belong to the same space ^ ? We say that Piatetski- 
Shapiro 's phenomenon exists in the space if the answer is negative; that is, 
if there is a closed set E which supports a distribution with Fourier coefficients 
in but which does not support such a measure. The theorem of Piatetski- 
Shapiro thus states that Piatetski-Shapiro's phenomenon exists in the space cq of 
sequences tending to zero. On the other hand, it is known from potential theory 
that this is not the case in certain weighted ii spaces. Precisely, if a closed set 
E supports a distribution S ~ ^c„e*"* such that < ^i < ^ 1; 

then it also supports a positive measure satisfying this property [19j. 

What can be said about iq spaces? Only the case g > 2 is non-trivial, since 
only in this case there exist distributions with coefficients in Iq which are not mea- 
sures. In our joint work with A. Olevskii [29] we proved that Piatetski-Shapiro's 
phenomenon does exist in these spaces. That is. 

Theorem. For any q > 2 there is a closed set E such that: 

(i) There is a distribution 5* ~ ^ c„e*"* supported by E, with J2\^n\'^ < 

(ii) No measure /i may satisfy this property. 

As pointed out in [29], the property of our set E can also be formulated in 
the language of the uniqueness problem: there is a non-zero trigonometric series 
^c^e*""* with ^ |c„|^ < oo, which converges to zero everywhere outside E, but no 
Fourier- Stieltjes series may satisfy this property. Our proof is inspired by Kahane's 
presentation of the Korner-Kaufman results, see [191 pp. 213-216]. The main new 
ingredients in [29] are Riesz products, and probabilistic concentration estimates. 

We continue to study further aspects of Piatetski-Shapiro's phenomenon. For 
example, how small can be the set E in the above theorem. In particular, how 
small can be the Hausdorff dimension of E. Using the "shrinking method" of 
Kaufman we prove the following stronger result: any closed set which supports 
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a distribution with Fourier coefficients in £g, contains a closed subset which also 
supports such a distribution, but not such a measure. In particular, this result 
enables us to compute the minimal Hausdorff dimension of E. Another question 
under consideration is whether Piatetski-Shapiro's phenomenon is "typical" or 
"rare" . Inspired by Korner's ideas [27] we define the space of all pairs {E, S) 
where E is a. closed set on the circle, and S* is a distribution supported by E with 
Fourier coefficients in ig. We prove that "almost all" pairs {E, S), in the sense of 
Baire categories, satisfy the above theorem. 

Are there spaces other than cq and ig where Piatetski-Shapiro's phenomenon 
could exist? We find a certain class of Orlicz spaces, where this is indeed the case. 
For example, for any q > 2 and a > 0, Piatetski-Shapiro's phenomenon exists in 
the space of sequences {c„} satisfying ^ Ic^l"? log"(e + |c„|~^) < oo. 

2. Generators in £p and Zero Set of Fourier Transform 

Background. A function F : Z — > C is called a generator (or a cyclic vector) 
in the space £p(Z) if the linear span of its translates is dense in ip. In other 
words, an element F G £p(Z) is a generator if the closed translation invariant 
linear subspace generated by F is the whole ip. How to know whether a given F 
is a generator, or not? The classical cases are p = 1,2. In these cases, Wiener \43\ 
characterized the generators in terms of the zero set Zj of the Fourier transform 

as follows: 

F is a generator in ii if and only if f(t) has no zeros. 

F is a generator in £2 if and only if fit) 7^ almost everywhere. 

The same characterization is true for L-'^(]R) and L^(]R). 

The case 1 < p < 2 is much less understood. "Interpolating" between p = 1 
and 2, one may expect that the generators in £p (1 < p < 2) could be characterized 
by the condition that the zero set of the Fourier transform is "small" in a certain 
sense. In this context various metrical, arithmetical and other properties of the 
zero set for generators and non-generators have been studied by Beurling [3], 
Pollard [38] , Herz [12] , Newman |32j and other authors. However, none of their 
results provides a complete characterization of the generators. 

For example, Beurling proved that if the zero set Zf is sufficiently small in 
the sense of Hausdorff dimension, then F is a generator in Ip. However, this is 
only under the assumption that F E ii. Also, the converse is not true: one can 
construct a function F which is a generator in every £p {1 < p < 2), but Zf has 
Hausdorff dimension 1. 

Results. We study the following question: is it possible at all to describe the 
generators F in ip (1 < p < 2) by the zero set of the Fourier transform? In our 
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joint work with A. Olevskii [30] we show that, in contrast to the classical cases 
p = 1 and 2, the characterization of the generators in £p {1 < p < 2) by the zero 
set of their Fourier transforms is impossible in principle. 

Our main result is the following theorem. 

Theorem. Given 1 < p < 2 one can find two continuous functions f and g 
on the circle, with the following properties: 

(i) They have the same set of zeros. 

(ii) The Fourier transforms F = f and G = ^ both belong to i'p(Z), 

(iii) G is a generator in ip, but F is not. 

A similar result is true for L^(]R) spaces. 

We point out the role of the continuity condition in the theorem, which makes 
precise the concept of the "zero set" . Generally, there is no canonical way to define 
the zero set of the Fourier transform of an arbitrary element in ip {1 < p < 2). 

The proof of the above theorem is based on a modifications and development 
of the approach which allowed us to obtain Piatetski-Shapiro's phenomenon in ig 
spaces [q > 2). In fact, the result is derived from the construction of a closed 
set E on the circle, which satisfies a certain strong form of Piatetski-Shapiro's 
phenomenon in £q, where q is the exponent conjugate to p satisfying 1/p+l/q = 1. 

More specifically, let ^^(T) (1 ^ r < oo) denote the Banach space of functions 
or distributions on the circle with Fourier coefficients in endowed with the 

norm H/Ha^ := ll/ll^r- We prove the following theorem. 

Theorem. Given any 1 < p < 2 one can construct a closed set E on the 
circle, and a function g G C(T) fl Ap{T), such that: 

(i) Z, := {t : g{t) =0} = E, 

(ii) The set {P{t)g{t)} , where P goes through all trigonometric polynomials, is 
dense in Ap, 

(iii) There is a (non-zero) distribution S, supported by E, which belongs to Aq, 
where q = p/{p — ^) is the exponent conjugate to p. 

The property (ii) means that ^ is a generator. On the other hand, (iii) is 
equivalent to the fact that no Fourier transform of a smooth function / vanishing 
on E, could be a generator. The first theorem is therefore a consequence of the 
second one. 

We remark that the set E satisfies Piatetski-Shapiro's phenomenon in iq, since 
the property (ii) implies that E cannot support a non-zero measure /i whose 
Fourier coefficients belong to iq. 



CHAPTER 1 



Piatetski-Shapiro's Theorem 

In this chapter we present a simphfied proof of Piatetski-Shapiro's theorem. 

1.1. Introduction 

1.1.1. A compact K on the circle is called a set of uniqueness if the only 
trigonometric series 

which converges to zero everywhere outside K, is the series which is identically 
zero. Otherwise, K is called a set of multiplicity. It is well-known that is a set 
of multiplicity if and only if there is a non-zero Schwartz distribution S", supported 
by K, with Fourier coefficients {S{n)} tending to zero (see [19j, Chapter V). If 
there is a non-zero measure /i satisfying these properties, then K is called a set of 
restricted multiplicity. 

It was conjectured that any set of multiplicity is in fact a set of restricted 
multiplicity. For example, a symmetric Cantor set with constant dissection ratio 
^, where < ^ < |, is either a set of uniqueness or a set of restricted multiplicity 
(see jl9j. Chapter VI). However, Piatetski-Shapiro showed in |37j that in general 
this is not true. He proved the following theorem. 

Theorem 1.1 (Piatetski-Shapiro, 1954). There exists a compact K on the 
circle, which supports a distribution S with Fourier coefficients tending to zero, 
hut which does not support any measure with this property. 

It is interesting to remark that Piatetski-Shapiro proved the above theorem by 
constructing the following concrete example. Let (0 < 7 < |) denote the set 
of real numbers t in the segment [0, 27r), written in binary expansion 

00 

^ = 27^^£fc2-^ £fce{0,l}, 
fc=l 

which satisfy 




n = 1, 2, 3, ■ • • . 



Then Theorem O holds with K = fsT^, see [37] or P Section 4.4]. 
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1.1.2. Piatetski-Shapiro's theorem was further extended in the years 1971- 
73, in the following direction. A compact K is called a Helson set if any function 
defined and continuous on K can be extended to a function on the circle with an 
absolutely convergent Fourier series. It was proved by Helson |llj that a Helson 
set can never be a set of restricted multiplicity. The problem whether it can be a 
set of multiplicity was solved in the affirmative by Korner in |25j . A simpler proof 
of Korner's theorem was later found by Kaufman [22], who also proved a stronger 
result: any set of multiplicity contains a Helson set of multiplicity. 

A compact which is not a set of restricted multiplicity is called a set of extended 
uniqueness. During the 1980's, descriptive set theory was used to establish a 
structural difference between the class of the closed sets of uniqueness, and 
the class of the closed set of extended uniqueness. Namely, Debs and Saint- 
RajTiiond [1] proved that has no Borel basis, while Kechris and Louveau [23j 
proved that '^q does admit such a basis. For a detailed discussion see [23] . 



1.1.3. In this chapter, our goal is to present a simplified proof of Piatetski- 
Shapiro's theorem. Our approach is based on Kahane's presentation |19l pp. 213- 
216] of the Korner-Kaufman results mentioned above. The main new ingredient in 
the proof presented below is the use of Riesz products, which allows us to simplify 
certain arguments from [19] related to Fourier series in multiple variables. 



1.2. Lemmas 



1.2.1. Extended uniqueness. We start with the formulation of a condition 
on a compact K which implies that it supports no measure with Fourier coefficients 
tending to zero. In fact, one can relax this condition (see [36] . Theorem 5), so the 
following lemma is not the strongest statement which is possible. However, it will 
be sufficient for us, and its proof is very simple. 

Lemma 1.1. Suppose a compact K on the circle satisfies the following condi- 
tion: for any e > and any integer v there is a real trigonometric polynomial 

= ^ X(n)e™*, ^|X(r2)K2, \\ - X{t)\ < e on K , (1.2.1) 

\n\'^v 

Then K does not support any non-zero measure fi such that Jl{n) ^ as \n\ oo . 

Proof. Let yU be a non-zero measure supported by K, with Fourier coefficients 
tending to zero. Clearly we may assume / = 1, and by mutliplication of /i by 
an appropriate exponential e*"* we may also assume /i(0) 7^ 0. Given e > 0, choose 
v such that sup|„|^j, l/^l'^)! < ^/2, and let X be a real trigonometric polynomial 
satifying (11. 2. II) . Then one has 



X 



-n 



\n\^u 



^ 2 sup |/i(n)| < e. 
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On the other hand /i is supported by hence 



X djji 



X 



K 



dfi 



\1-X\dfi ^ 



e. 



K 



Since e was arbitrary, it follows that /i(0) = 0, a contradiction. 



□ 



1.2.2. Kahane's lemma. The following lemma is taken from [19, p. 214]. 
For completeness, we include its proof here. 

Lemma 1.2 (Kahane). Let I he a closed interval, I C (0, 1). Given any 5 > Q 
there is a (signed) measure p, supported by a finite subset of I , such that 



dp 



and 



s''dp{s) <6 (A; = 1,2, 



;i.2.2) 



Remark. Note that the properties (11. 2. 21) are clearly satisfied by the Dirac 
measure at the point 0; however, the idea of Lemma [1.21 is to obtain (ll.2.2p under 
the constraint that the support of p lies in I. Also note that the measure p 
cannot be chosen positive for arbitrarily small values of 6, as one can prove using 
a standard application of Helly's theorem. 



Proof of Lemma 11.21 In the space cq consider the collection S of all se- 
quences (1, s, s^, s^, . . . ) corresponding to s G / (these sequences belong to Cq, 
since < s < 1). Let us show that S forms a complete system in cq. Indeed, a 
linear functional over cq which annihilates all elements of 5 is a sequence {a^} € ii 
such that YlT=o^kS^ vanishes on /, hence {ak} = 0. The completeness therefore 
follows from the Hahn-Banach theorem. In particular, it is possible to approxi- 
mate the sequence (1, 0, 0, ... ), in the cq norm, by linear combinations of elements 
of S. That is, given 77 > there exist si, . . . , s„ G / and ci, . . . , c„ G R such that 



E 

i=i 



<r] and IX^c^-s^ <V ik = l,2,...). 



Ut] is chosen small enough so that ri/{l—ri) < 6, the conditions (11.2.21) are satisfied 
by the measure 

where denotes the Dirac measure at the point s. □ 



1.3. Riesz products 

The Riesz product, first introduced by Riesz in 1918, is an important tool in 
Fourier analysis (see [44j, Volume I, Chapter V, §7). In this section we use finite 
Riesz products to simplify the construction from [22] . 
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1.3.1. Notation. Define a finite Riesz product 

N 

X,{t) = Y[{l + 2scosuH) (1.3.1) 

i=i 

where the parameters satisfy < s < | and u is an integer ^ 3. One can write 
2co?,uH = e*'^^* + e~*^^*, and then expand the product (11.3.11) . This would yield 

where the sum is over all non-zero vectors 

T = {Ti,...,Tn), Tj- G {-1,0, 1}. 

Since ly ^ 3, every integer n admits at most one representation of the form 

2 N 
n = TiV + T2V H h TnV , 

therefore the frequencies in the sum f ll.3.21) are distinct. So fll.3.21) is the Fourier 
expansion of A^. 

1.3.2. Concentration. The trigonometric polynomial As is non-negative and 
has integral = 1. We therefore may consider a probability measure Xs{t)dt/2n on 
the circle, which we shall also denote (with no risk of ambiguity) by A^. Define a 
trigonometric polynomial 

2 ^ 

X{t) = j;^Y.''osuH. (1.3.3) 

i=i 

We regard X as a random variable with respect to the probability measure Ag. 
Lemma 1.3. Given 6 > we have 

Xs{t E T : \X{t) - 1| > 35} — ^ 

as N oo, uniformly in s E ~ ij- 

Proof. Denote Xj{t) = cosuH, then using f ll.3.2p one can compute 

^(x,) = s, r{Xj) = ^(x, - s)2 = I - s^, 

^(X,-s)(Xfe-s) =0, j^k. 

We therefore have 

2 ^ 
i=i 

and the fact that the Xj's are uncorrelated allows us to compute 

nx) = ^(x - 2sr = ±f2 nx,) = - < ^- 
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If s G ^1 ~ 1^ ; then by Chebyshev's inequality 

Xs{\X{t) - 1| > 3(5} ^ K{\X{t) - 2s\ >(5} ^ y{X) 
as N ^ oo, uniformly in s. □ 

1.4. Proof of Piatetski-Shapiro's theorem 
1.4.1. We can now prove 

Lemma 1.4. Let e > and an integer u ^ 3 be given. Then there exist a C°° 
function f : T ^ C and an integer N such that 

(i) / is supported by the compact 

K = {tei::\X{t)-l\^e}, (1.4.1) 
where X is the trigonometric polynomial defined by fll.3.3p . 

(ii) /(t) = 1 + J^n^o /(«)e™*, where |/(n)| < e for all n =^ 0. 

Proof. The proof follows a similar line as in |19l p. 213]. Given 6 > 0, choose 
a measure p supported by the interval ^| — 6, |j according to Lemma \T?I[ Define 

Kt) = J ^s{t) dp{s). 
By f ll.3.2p and f ll.2.2p . A is a trigonometric polynomial with Fourier expansion 

SO |A(n)| < b for all n 7^ 0. Set 

K' = {t: \X{t) - 1| < 3(5}, 
and use Lemma 11.31 to choose such that 

/ A,(t) ^ = A,{t G T : \X{t) - 1| > 36} < 
Jj\K' ^'^ WPWm 

for every s G ^ | j • The function h = \ ■ 1k' is then supported by K', and 
II A - /i lloo ^ ||A - /i||li(t) = ||A||Li(T\i<'') < / ||As||Li(T\ii-') |(ip(s)| < (5. 



If we choose S so that (5/(1 — S) < e, then the function g(t) = h{t)/h{0) satisfies 

^(0) = 1 and |^(n)|<£: (n^O). 

Finally, to obtain a smooth function / we take the convolution of g with a C°° 
non- negative function ip with integral = 1. The condition 36 < e will ensure that, 
if ip is supported by a sufficiently small neighbourhood of 0, then the support of 
/ will be contained in the compact K from fll.4.ip . □ 
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1.4.2. To finish the proof of Theorem II .11 we proceed in a similar way to [19] . 
For each j = 1,2,... we define a number ej > and a positive integer Uj ^ 3, 
and choose Xj and Kj according to Lemma ITM (with e = Sj and v = Uj). We 
choose the {Sj} by induction to satisfy 

£i<2-2 and \\h-h-...-fj\\Ae,+i<2-^-^ (j = l,2,...). 

As in |19l p. 215], this imphes that the product Iljli fj will converge in the space 
Aoo to a nonzero distribution S with Fourier coefficients tending to zero. Denote 
K = f]'^^Kj, then clearly S is supported by K. On the other hand, we can 

choose {uj} to satisfy — ^ oo. Since ^\Xj{n)\ ^ 2, we deduce by Lemma [TTT] 
that supports no nonzero measure with Fourier coefficients tending to zero. 

This concludes the proof of Theorem II. 1[ 



CHAPTER 2 



^q Spaces 

2.1. Introduction 

2.1.1. Chapter [T] was concerned with Piatetski-Shapiro's theorem, which 
states that there exists a compact K on the circle, which supports a distribution 
5* such that 5* G cq, but which does not support such a measure. We indicated this 
by saying that Piatetski-Shapiro's phenomenon exists in the space Cq of sequences 
tending to zero. 

It is known from potential theory that no Piatetski-Shapiro phenomenon exists 
in certain weighted £2 spaces. Precisely, if a compact K supports a distribution 
S such that ^ |n|~"|S'(n)p < 00, for some < a ^ 1, then K also supports a 
positive measure satisfying this condition (see [19j . Chapter III). 

In this chapter we study Piatetski-Shapiro's phenomenon in iq spaces. Only the 
case g > 2 is non-trivial, since only in this case there are distributions S such that 
S e ^q, but which are not measures. Our main result is that Piatetski-Shapiro's 
phenomenon exists in ^q for any q > 2. 

Theorem 2.1. For any q > 2 there is a compact K on the circle, which 
supports a distribution S with S G Iq, hut does not support such a measure. 

The main property of the compact K in Theorem 12.11 can also be formulated 
in the language of uniqueness theory. Namely: 

For any q > 2 there is a compact K such that 

(i) There is a non-zero trigonometric series ^ c(?T,)e*"* with coefficients {c{n)} 
in iq, converging to zero everywhere outside K. 

(ii) No Fourier- Stieltjes series may satisfy this property. 
The result was published in |29] . 



2.1.2. In what follows g is a fixed number, q > 2, and let p = q/{q — ^) 
denote the exponent conjugate of q. We denote by Aq{T) the Banach space of 
Schwartz distributions S on the circle, endowed with the norm HSHAq := ll'S'll^^. 
We also denote by M{K) the space of finite (complex) Borel measures supported 
by K, endowed with the total variation norm. 

17 
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2.2. Excluding measures 

We start by presenting a condition, analogous to that of Lemma II. 1^ which 
implies that a compact K does not support any non-zero measure fi E Ag. 

Lemma 2.1. Suppose a compact K on the circle satisfies the following condi- 
tion: for any positive integer v there is a real trigonometric polynomial 

X{t) = J2 X{n)e'''\ \\X\\p ^1, ^ ^ X{t) ^ 100 on K. 

n| Jji/ 

Then K does not support a non-zero measure fi E Aq. 
In the proof of Lemma 12.11 we will use: 

Lemma 2.2. Let ^ E Ag be a measure supported by a compact K . Then the 
measure belongs to the closure of Aq fl M{K) in the M{K) norm. 

Proof. There exists a Borel function : T ^ C with |0(t)| = 1, such that 
\dfi\ = (pdfi. Given e > 0, the theorem of Lusin (see |40j . Theorem 2.24) allows 
us to choose a continuous function ^ : T — > C, ||^||c(t) ^ 1 such that 

|/i|{tGT:0(t)^e(t)}<£. 

Choose a trigonometric polynomial such that W^p — ^||c(t) < ^, then 

{teT: \cf>{t) - ^{t)\ >e} <e 

\c{T) < 2. Thus the measure dfii = ip dfi belongs to Aq fl M{K), and 



and 



\M{K) 



— ipl \dfi\ + e 



M{K)- 



□ 



Proof of Lemma [2111 Suppose that /j, e Aq n M{K). Given e > 0, by 
Lemma [2.21 one can find a measure fii E AqCi M{K) such that 



I M(K) 



< 6. 



Then 

Xdfii 
On the other hand, 
Xdfii 



Xdfii = / Xdfii ^ / X\dfi\-1006 ^ ^\\fi\\M(K)-WOe. 
Jj Jk Jk 



-n] 



\n\^u 



1/g 



< e 



□ 



|n| 

for sufficiently large u. Hence fi = 0. 

Remark. The reason we need Lemma [2.21 is that given a measure fi E Aq, it 
is not necessarily true that also \fi\ G Aq. One should compare this with the case 
when instead of iq we have the space Cq; by the lemma of Milicer-Gruzewska, if 
the Fourier coefficients of fi are tending to zero then also has this property (see 
j, II. 5, Lemma 4). 
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2.3. Probabilistic tools 

2.3.1. Exponential concentration. In Lemma 11.31 the Chebyshev inequal- 
ity was used to obtain concentration of a Riesz product probability measure. In 
the current context a stronger estimate will be needed. We shall use the following 
classical exponential estimate of S. N. Bernstein. For completeness we also provide 
its proof. 

Lemma 2.3. Let Xi, . . . ,Xi\f be independent real random variables such that 
ffXj = and \Xj\ ^ Mj almost surely, for each 1 ^ j ^ N . Then 

N 

^ (l Zl^il > ") ^ 2exp |aVXl^'^^)• 
i=l 

for every a > 0. 

Proof. Suppose first that X is a real random variable, X = and |X| ^ 1 
almost surely. Given any A G M, by convexity we have e^^ ^ cosh X + x sinh A for 
— 1 ^ X ^ 1. Hence 

^e^^ ^ cosh A = y-^^y±- = e^'l\ (2.3.1) 

Now apply flOTTD to M'^Xj (1 ^ j ^ X), then using Markov's inequality and 
the independence we get 

N N N 

i=i i=i i=i 

= e-^" J]^e"^^ <exp (i A^ J] - oA) . 

i=i 

Choosing A = a/ ^ we obtain the one sided estimate 

N 

^(5^X,>a) ^exp(-laVE^l)• 
i=l 

The two-sided estimate can now be easily deduced by symmetry. □ 

It is now easy to pass to the case of non-zero expectation; we omit the proof. 
Lemma 2.4. Let Xi, . . . jX^r be independent real random variables such that 



|Xj| ^ M almost surely, for each 1 ^ j ^ N . Denote S = X^^i^^j' 



2 



en 



{|5-^5|>a}^2exp(-^) (2.3.2) 



8M2X, 
for every a > 0. 

Remark. The constant 1/8 in Lemma [2.41 is not optimal, see Hoeffding 
Theorem 2]. For further results in this context we refer to Petrov 
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2.3.2. Stochastic independence. Let g denote a real 2'7r-periodic function 
on M. Given sucli g, consider tlie system of functions 

on the circle T. We are interested in stochastic properties of this system. 
Lemma 2.5. Suppose that g is constant on each interval 

/W = (2:i(tl),2i*)_ l^k^v. (2.3.3) 

respect to the Lebesgue measure 



Then the system {g{i^-^t)}^^-^ is stochastically independent on the circle T, with 



Proof. Each of the functions g^vH), 1 ^ j ^ — 1, is constant on each 
interval (27r(A; — l)z/~^, 27r/i;i/~^) , where 1 ^ /c ^ . On the other hand, the 
function g{v^t) has the same distribution, with respect to the Lebesgue measure, 
on each one of these intervals. To finish the proof one continues by induction. □ 

We next consider stochastic independence of the system {gii'H)}^^^ not with 
respect to the Lebesgue measure, but rather with respect to a certain Riesz product 
type measure based on g. Precisely, consider the measure 

^ dt 

\{{l+r,g{uH))^, -l<r,<L (2.3.4) 

We assume that g is constant on each interval fl2.3.3p . and satisfies the conditions 

/ g{t)dt = {). (2.3.5) 



The measure f l2.3.4p is therefore positive, and using fl2.3.5p and Lemma [21 

That is, f l2.3.4p defines a probability measure on the circle T. We now have 

Lemma 2.6. Let g he constant on each interval fl2.3.3p and satisfy fl2.3.5p . 
Then the system {g{v-'t)}^^-^ is stochastically independent on the circle T with 
respect to the probability measure f l2.3.4p . 

Proof. Consider Yj{t) = g{i'H) as random variables with respect to the prob- 
ability measure 02.3.40 . Let ^i, . . . , G M be given. Using the independence with 
respect to the Lebesgue measure as in Lemma 12. 5[ one has 

N , N , 



27r 



^exp(z^O>S) = [l[{l + 2r,g{uH)) 

• 1 Jt ^tt 
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Hence, denoting (pj{^) = (l + 2rjg{t)) e'^^it) M. (^i ^ j ^ ]v), it is seen that 

N 

S exp [i^^ijYi) = M^i) ¥^2(6) ■ ■ ■ ^Ni^N)- 
i=i 

By properties of the Fourier transform, we conclude that the distribution in 
of (Yi, . . . , Y/v) is a product measure, which proves the independence. □ 

2.4. Riesz products 

2.4.1. Notation. Define a Riesz product 

N 

A,(t) = n (1 + 2sA^~^/' cos uH) . 
Here we assume that ^ < s < | and u ^ 3. Expanding the product gives 

A,(t) = 1 + ^(sAr-V9)E \r,\ ^i(r,u+r,u^ + -+r^u^)t^ (2.4.1) 

where the sum is over all non-zero vectors 

r = (ri, . . . ,rAr), r,- G {-1, 0, 1}. 
As before, the frequencies in the sum fl2.4.ip are distinct. 

2.4.2. "Almost independence". As before, we also use to denote the 
probability measure Xs{t)dt/2TT on the circle. Define a trigonometric polynomial 

N 

X{t) = N-^/P cos uH. (2.4.2) 
i=i 

If u is sufficiently large, the members of the polynomial X are "almost inde- 
pendent" with respect to the measure A^. Precisely, we can prove the following 
exponential concentration estimate. 

Lemma 2.7. Being given N, for v ^ z^(A^) one has 

Xs{t G T : \X{t) - s| > a} ^ 3 exp ( - ^a'^N^/P ~ ^) (2.4.3) 

for every a > and every ^ < s < |. 

Proof. Define a 27r-periodic function g^ constant on each interval fl2.3.3p . by 
the requirement 

q[t\ dt = cost dt. 
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Then automatically also fl2.3.5p is satisfied. Denote 5 = max^gx Ifl'(^) ~ cost|, then 
clearly 5 — >■ as — oo. Consider the probability measure 



ls{t) = l[{l + 2sN~'/'^giuH)) -. 
i=i ^ 

Denote Y = N'^/p J^^^i g{^^t), and let V = Y{t) ^^it) ^ be the expectation of 
Y with respect to 7^. Using Lemma [2.51 and the properties of the function g, one 
can compute that 

We now use the following fact: the function g{t), viewed as an element of L^(T), 
is obtain by orthogonal projection of cost on the subspace of functions constant 
on each interval fl2.3.3p . Thus, by the Pythagorean theorem 



s-r] = 2s [ cos^t^-2s [ g{tf^ = 2s [ {cost - git)f ^ , 
Jt 27r Jj Zn Jj Ztt 

which implies |?7 — s| ^ 5^. Since we also have \X(t) — Y(t)\ ^ 5 N^^'^, we obtain 

\X{t) - s| ^ \Y{t) - r]\ +6N^/'' + 

Also, for I < s < I we have 

l + 2siV-^/'? cost _ 2sA^-^/'?(cost-^(t)) 
l + 2sN-y'i g{t) ~ ^ l + 2sN-^/ig{t) 

hence A,(t) ^ 7,(t) exp(2 5 A^^/p). Setting 

e = max {exp(25A^-i/^) - 1, 6 N^^" + 5^} , 
we have therefore proved that 

\X{t)-s\^\Y{t)-r]\+e and A,(t) ^ (1 + e) 7,(t). (2.4.4) 
Now using fl2.4.4p . Lemma [2.61 and Lemma [2.41 we deduce the estimate 
Xs{t : \X{t) -s\>a}^{l+e) 7,{t : \Y{t) - 7]\ > a - e} 

^ 2(1 + £) exp ( - |(a - eyX^/P " ^) . (2.4.5) 

Note that, since \X{t)\ ^ A^^/? and ^ < s < |, the left side of (12X31) is zero if 
a > N^^'^ + 1. It is therefore enough to obtain fl2.4.3p for a ^ N^^'^ + 1. However, 
a straightforward calculation shows that this will follows from fl2.4.5p if e is chosen 
sufficiently small, in a way which depends only on A^. Since choosing u sufficiently 
large will make e arbitrarily small, this proves the claim. □ 
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2.4.3. Concentration in . We use the probabilistic exponential concen- 
tration to prove: 

Lemma 2.8. Denote 

K' = [teT : ^ ^X{t) ^90}. 
Given 5 > 0, for any N ^ N{5) and any v ^ z^(A^) one has 

m ^ < s 

i:\K' 

for every ^ < s < |. 
Proof. We have 

N N 

X,{t) = Y[{l + 2s N-^''^ cos vH) ^ exp {2s N'^''^ ^ cos vH^ , 
i=i i=i 
so using fl2.4.2p we obtain an estimate 

Xs{t) ^exp{2sN^^P-^X{t)) . (2.4.6) 

Now Lemma 12.71 implies that (12.4.31) holds for any u ^ Combining with 

(12.4.61) . it follows that for every ^ < s < | 

r . ^'(i) i . ^s{t) ^ ■ max K(t) 

^ 3 exp {-\{s - l,fN'l^ - 1) ■ exp (2 . N^'^ - ' ■ ^) 
^3exp(-2-i°iV2/P-i), 
and, for any integer 90 ^ A; ^ A^^/"^, 

f Xlit) ^ ^ / As(t) ^ ■ max A,(t) 

i{t:fc<X(t)^fc+l} 27r :A:<X(i)^fc+l} , fe<x(t)<;fc+l} 

^ 3 exp (-|(A; - sfN^'^ ' ^) ■ exp (2 s A^^/*' " ^(A; + 1)) 

^3exp(-Ar2/P-i). 
Hence, keeping in mind that X{t) ^ A^^/"^ for every t, we obtain for u ^ z^(A^) 

/ A2(t) — ^ 3 exp (-2-i°Ar2/P - i) + 3iVi/^ exp i-N^/^ - M > 

uniformly in s. □ 

2.5. Proof of main result 

In this section we finish the proof of Theorem 12. 1[ 
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2.5.1. We start with an analog of Lemma Fl .41 

Lemma 2.9. Let e > Q. For N ^ N{e) and v ^ there exist a 

function / : T ^ C such that 

(i) / is supported by 

K={tei: : A. ^ ^ 100}, [2.5.1] 
where X is defined by fl2.4.2p . 

(ii) fit) = 1 + En^o/He^"*. ^here ( E.^o I/HI") < ^- 



Proof. Given 6 > 0, according to Lemma [L2] there is a measure p supported 
by the interval (|, |) such that 

dp=l and j dp{s) <5 (A; = 1, 2, . . . ). 
Define 

\{t) = j \s{t)dp{s). 

By (12.4. ip . the Fourier expansion of A is 
It follows that 

Now use Lemma [2.81 to choose N such that 

It\k' '^^^ 2n) < Mm 
for any j < s < \. Then /i := A ■ is supported by i^'', and 



11-^ - h\\Ag ^ ||A - /?.||l2(t) = ||A||l2(t\x') ^ J \\^s\\l-^{t\k') \dp{s)\ < 6. 
If (5 = 6{e) is chosen sufficiently small, the function g{t) = h{t)/ fi{0) satisfies 
?(0) = 1 and (5^|?H|«)'^'<£. 

To obtain the smooth function /, as before, we take the convolution of g with a 
C°° non- negative function with integral = 1, which is supported on a sufficiently 
small neighborhood of to ensure that / will be supported by K. □ 
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2.5.2. We now conclude the proof with a procedure similar to [19'j p. 215]. 

Proof of Theorem 12.11 For a sequence {ej} let fj, Xj and Kj be given by 
Lemma [2.9^ for an appropriate choice of Nj = N{ej) and Uj = i^isj). We choose 
{Sj} by induction to satisfy 

£i<2-2 and \\h-f2-...-f,\\Aej+i<2-'-^ (j = l,2,...). 

This implies that the product YlJLi fj will converge in the Aq norm to a non- 
zero distribution S G Ag. Indeed, consider the partial products 5*0 = 1 and 
= h---fh then 

II - ^.lu, = ii/i ■ ■ ■ /, ■ (/,+! - i)iu, ^ ii/i • ■ • /,iu ^.+1 < 2"'-^ 

hence Sj converges in Aq to a limit S. We have 

oo oo 

l|5 - i|U, ^ 5^ ||5,+i - 5,IU, ^ 5^2-^-^- < 1 

i=o j=o 

and so S* 7^ 0. Denote K = fljli then clearly S" is supported on K. We may 

assume uj oo, and we have ||Xj||p ^ 1, so Lemma [2.11 implies that K supports 
no non-zero measure in Aq. This completes the proof of Theorem 12. 1[ □ 



CHAPTER 3 



Generators in ^p and Zero Set of Fourier Transform 

3.1. Introduction 

3.1.1. A function F : Z ^ C is called a generator, or a cyclic vector, in 
the space ^p(Z) if the linear span of its translates is dense in the space. In other 
words, F G is a generator if the closed translation invariant linear subspace 
generated by F is the whole ip. How to know whether a given F is a generator, 
or not? For p = 1 and 2, Wiener characterized the generators by the zero set of 
the Fourier transform 

/(t):=5^F(n)e^"*, 

as follows: 

F is a generator in ii if and only if f{t) has no zeros. 

F is a generator in £2 if and only if f{t) 7^ almost everywhere. 

The same characterization is true for L^(]R) and L^(]R), see |43j . 

"Interpolating" between p = 1 and 2 one may expect that the generators in ip 
(or L^), 1 < p < 2, could be characterized by the condition that the zero set of the 
Fourier transform is "small" in a certain sense. In this context various metrical, 
arithmetical and other properties of the zero set for generators and non-generators 
have been studied by Beurling [3], Pollard [38j, Herz |12j . Newman [32] and other 
authors (see [42], [8], [24] ) . However, none of these results provides a complete 
characterization of the generators. 

For example, Beurling proved in [5] the following result: 

Let F E ii. If the Hausdorff dimension of the zero set Zj is less 
than 2 — 2/p then F is a generator in Ip {1 < p <2). 

The converse, however, is not true. Indeed, one can construct F which is a gener- 
ator in every £p, 1 < p < 2, but Zf has Hausdorff dimension 1 (see [32] ). 

3.1.2. In this chapter we study the problem: is it possible at all to charac- 
terize the generators in £p (1 < p < 2) by the zero set of the Fourier transform? 

It should be pointed out that for 1 < p < 2, there is no canonical way to define 
the zero set of the Fourier transform of a general element in Ip. First we note that 
no such a problem arises in the cases p = 1,2. Indeed, if F G £1 then the zero set 
Zf is a well-defined closed set, since then / is a continuous function. If F G £2 then 
/ G L'^iT), so in this case the set Zf is defined up to measure zero. In the case 

27 
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1 < p < 2, one may notice that the set could also be defined up to measure 
zero, since by the Hausdorff- Young theorem / G L'^(T), where q = p/{p — 1). 
However, this approach cannot provide a characterization of the generators by the 
zero set: there exists F which is not a generator in £p (1 < p < 2), but f{t) ^ 
almost everywhere (see j42] ). 

Our main result shows that, unlike the classical cases p = 1 and 2, the char- 
acterization of the generators in ip {1 < p < 2) by the zero set Zf of the Fourier 
transform is impossible. Precisely, we prove the following theorem: 

Theorem 3.1. Given 1 < p < 2 one can find two continuous functions f and 
g on the circle T, with the following properties: 

(i) {t : fit) = 0} = {t: git) = 0}, 

(ii) F := f and G are both in i'p(Z), 

(iii) G is a generator in £p, but F is not. 

Remarks. 1. We emphasize the role of the continuity condition in the 
theorem, which makes precise the concept of the "zero set". The result 
shows that it does not matter how one may define the zero set in general; 
the characterization of the generators in £p (1 < p < 2) by the zero set Zj 
is impossible already in the case when Zf is well-defined. 

2. As we will show, the function / in Theorem 13.11 can in fact be chosen 
infinitely smooth. However, / and g cannot both be smooth. We discuss 
this in some more detail below. 

3. One may check that Theorem 13. II is not true for p > 2. However, in no way 
does this mean that the generators in ip (p > 2) could be characterized by 
the zero set of their Fourier transforms. In fact, the Fourier transform of an 
element in ip ip > 2) is generally not a function, but rather a distribution, 
so one cannot even define its zero set in general. 

The L^(M) version of the result is also true: 

Theorem 3.2. Given 1 < p < 2 one can find two functions F and G in Lp(R) 
with the following properties. The Fourier transforms Fit), Git) are continuous 
functions on M; they have the same zero set; the set of translates — u)}, 

M e R, spans the whole space, but {Fix — u)} does not. 

Remark. As we show at the end of this chapter, the functions F and G in 
Theorem 13.21 could be chosen infinitely smooth, and even as the restrictions to the 
real line of two entire functions of order 1. 



The results of this chapter were published in |30j . 
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3.2. Reformulation 
3.2.1. The Fourier transform 

F e £p(Z) ^ f{t) := ^F(n) e^"* 

riGZ 

allows to identify with the Banach space Ap{T) of functions on the circle 

with Fourier coefficients in £p, endowed with the norm ||/||ap = ||/||^p- A linear 
combination of translates of F corresponds via this mapping to a multiplication 
of / by a trigonometric polynomial. It is therefore obvious that F is a generator 
in £p(Z) if and only if the set {P{t)f{t)}, where P goes through all trigonometric 
polynomials, is dense in the space Ap{T). 

Theorem 13.11 could be therefore reformulated in the following way: there exist 
two continuous functions f,g& Ap{T), having the same zero set, such that the set 

{P{t)g(t) : P is a trigonometric polynomial} (3.2.1) 

is dense in Ap{T), but the set {P{t)f{t)} is not dense. 



3.2.2. We will prove the following theorem. 

Theorem 3.3. For any 1 < p < 2 one can construct a compact E G T, and a 
function g G C{T) fl Ap{T), such that: 

(a) Zg := {t : g{t) = 0} = E; 

(b) The set (13.2. ip is dense in Ap,- 

(c) There is a (non-zero) distribution S , supported by E, which belongs to Aq, 
where q = p/{p — ^) is the conjugate of p. 



IS 



As explained above, (b) means that ^ is a generator. On the other hand 
equivalent to the fact that no Fourier transform of a smooth function / vanishing 
on E, could be a generator. More precisely: if F = / G £i is not a generator in ip, 
then Zf must support a non-zero distribution S G Ag (see [I9j, Chapter III, §6); 
and conversely, if / G Lip(a;), a > 1/p— 1/2, and Zf supports such a distribution, 
then F is not a generator in £p (see |19] . Chapter IX, §6). 

Theorem 13.11 is therefore a direct consequence of Theorem 13.31 Moreover, the 
function / in Theorem 13.11 can be chosen infinitely smooth: any / such that 
Zf = E will do. Theorem 13.21 also follows from Theorem 13.31 as we show later on. 



3.2.3. Theorem l3.3l is a strengthening of our result from Chapter O where we 
constructed a compact K which supports a distribution belonging to Aq (g > 2), 
but which does not support such a measure (Theorem 12. ip . Indeed, we will now 
show that from (b) it follows that E cannot support a non-zero measure /i G Aq, 
hence the compact E from Theorem 13.31 also satisfies the result of Theorem 12.11 
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To see this, suppose that /i G is a measure supported by E. Then we have 
- k) = / g{ty^'d[i{t) =0, A; e Z, 

since \x is supported by Zg. The Fourier transform /2 is therefore an element of tq 
(the dual space of £p) which annihilates all the translates of 'g. But ^ is a generator 
in £p, so we must have /i = 0. Hence also /z = 0. 

3.3. Riesz-type products 

3.3.1. Notation. As before we use finite Riesz product, but instead of the 
cosine function we now use a certain trigonometric polynomial y?. We define 

N 

\s{t) = W{X^s^>{vHy) (3.3.1) 

i=i 

where and v denote positive integers, the parameter s denotes a real number 
and 9? is a trigonometric polynomial. We will assume that 

V? is real, ^(0) = 0, \^\oo ^ 1, ||<y5||L2(Tr) > ^. (3.3.2) 

3.3.2. Fourier expansion. Replacing Lp by its Fourier series in (13.3. ip and 

expanding the product, we get 

A^(t) = 1 + 5^ {s'C^) J] ^(A;,)} e^(fci-+fc2.2+- +/c^.^)*^ (3 3 3) 

where the sum is over all non-zero vectors 

A; = (fci, . . . , /ctv) e lA^jl^degv?, 

and /(A;) > is the number of non-zero coordinates of k. We will assume the 
condition 

z/>2deg(/?, (3.3.4) 
which guarantees that every integer n admits at most one representation 

n = kiu + A;2Z/^ -|- ■ ■ ■ -|- k^i^^ 

with k as above. The members of the sum (I3.3.3P are therefore exponentials with 
distinct frequencies, so fl3.3.3p is the Fourier expansion of Ag. 

3.3.3. Probabilistic concentration. For < s < 1 it follows from (13. 3. ID . 
(I3.3.2P and (I3.3.3P that the function is positive and has integral = 1. We thus 
may consider a probability measure \s{t) dt/2TT on the circle. Define a trigono- 
metric polynomial 

1 ^ 
i=i 

and consider X as a random variable with respect to the measure \s{t) dt/2n. 
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Lemma 3.1. For v ^ v{N,Lp) one has 

f dt 

/ A,(t)— ^ 3exp(-|a2Ar) (3.3.6) 

i{teT : \X(t)-S{X)\>a} ^'^ 

which holds for every a > and every s G yIj) ■ 

The proof of Lemma 13.11 is very similar to the proof of Lemma 12. 7^ and is 
therefore omitted. 

3.3.4. Concentration in L^. Using fl3.3.3p and fl3.3.4p one can calculate 

^(X) = / X{t) A.(t) — = sMl.„y (3.3.7) 



27T 



Lemma 3.2. Given 6 > there is N{6) with the following property. For each 
N ^ N{6) and each trigonometric polynomial if satisfying fl3.3.2p one can find 
V = v{N, if) satisfying (13.3.41) such that 

m ^ < S (3.3.8) 



{iGT:X(t)<i} 27r 



holds for every s G 



Proof. Given and ip, use Lemma [3. II to choose u = z/(A^, ip). We have the 
estimate 

N 

Xs{t) ^ exp (^s^(^(z/^t)) = exp (^sNX{t)y (3.3.9) 

i=i 

From flHXTI) it follows that <ff{X) > |, so using flHXUD and flH3I)D we get 
/ m^^il Ut)^)( sup A.(t) 

^3exp(-|(|-^)2iV)exp (.iV ■ ^) 
<3exp(-^iV), 

and so (13.3.81) holds for any sufficiently large N. □ 

3.4. Auxiliary function construction 

The trigonometric polynomial ip used in the Riesz product (13.3.11) will be con- 
structed in the following lemma. 

Lemma 3.3. Given < 77 < 1 there is a real trigonometric polynomial ip = 
such that 

^(0)=0, ||(/?||oo < 1, ||</?||l2 > ^, ^ Cr^-i, W^Wa^^Ct], 

where C is an absolute constant. 
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We use the common notation A{T) = Ai{T) for the Banach space of absolutely 
convergent Fourier series. In order to prove Lemma [3.31 we need: 

Lemma 3.4. Let Ti, . . . e ^^(T), 1 ^ r < oo, / e A(T), /(O) = 0. Then 



hm \\j2fi^'t)T, 



m 



1/r 



(3.4.1) 



Proof. Denote by P and Qi, . . . , Qm trigonometric polynomials obtained as 
partial sums of the Fourier series of / and Ti, . . . , respectively. We have 



i=i j=i 
Given e > 0, we may therefore choose P and Qi, . . . , Qm such that 



< e. 



Ar 



(3.4.2) 



||E/(z/^t)T,-EP(z/^t)g, 
i=i i=i 

If u is sufficiently large then each Fourier coefficient of ^ P{uH) Qj is a product 
P{k)Qj{l), and it is easy to check that this implies 



m 

I^IU.($^||Q,|i:i„ 



(3.4.3) 



By an appropriate choice of P, Qi, . . . , Qm the right hand side of (13.4.31) will differ 
by not more than e from the right hand side of (13.4. ip . On the other hand, (I3.4.2p 
allows us to replace P and Qj in the left hand side of (I3.4.3P by / and Tj , and the 
Ar norm of the error will be smaller than e. This proves (I3.4.ip . □ 

Proof of Lemma EIS Choose and fix a function \I'(m) on [0,1], infinitely 
smooth and vanishing in a neighborhood of the points and 1, such that 



^ ^(m) < 1, 



"^{ufdu > 9/10. 



We shall denote by Ci,C2, ■ ■ ■ positive constants which depend only on \I'. We 
associate with each interval I = [a,a + h] a function "^j, defined on / by 

-^i{a + uh) ■=-^{u), mG[0,1], 

and vanishes outside /. Let |/| denote the length of I, then one may check that 

II ^/lU, ^ Ci for any interval / C [0, 27r] and 1 < r < cx). (3.4.4) 
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Define a 27r-periodic function by 

= ^[0,.](t) - ^[n,2n]{t), t e [0, 277]. 

Partition tlie segment [0, 2n] into m segments Ji, . . . , of equal lengths, and set 

m 

Clearly ||v5i/||oo < 1- Now apply Lemma EUl and use fl3.4.4l) to conclude that 

l/r 



for every 1 ^ r < 00. Choose m such that 3^^r]^^ < m*^^"^)/^ < 3r]^^, then 
lim \\<fu\\A„ ^ C'3r7^\ lim ||v5,.|U„ ^ C'sr]. 

We also have 

1/2 /""^ 

Jim 11(^,1^2 = ||$|U2(^||vl>,j2^) =/ vl/(«)2rf«>9/io, 
and, since $(0) = 0, 

lim ^^(0) = 0. 

1/— >oo 

It is therefore possible to obtain the polynomial if of the lemma by convolving 
the function (puit) — ifu{0), where z/ is sufficiently large, with an appropriate Fejer 
kernel. □ 

3.5. Proof of main result 
3.5.1. The main lemma. In this section we prove: 

Lemma 3.5. Given e > there is a compact K on the circle, an infinitely 
differentiahle function F and a real trigonometric polynomial X such that: 

(i) F is supported by K, ||1 — F\\Aq < s, 

ill) ^ 1, ||X|U^ < e, X{t) >^ onK. 

Proof. For 5 > to be chosen, use Lemma [T^ to find a measure p supported 
by the interval ^) and satisfying (11. 2. 21) . Define 



A(t) = J Xsit)dp{s). 
In view of fl3.3.3p . A is a trigonometric polynomial whose Fourier expansion is 
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We therefore have A(0) = 1, and 

J2 \Kn)\' < 5 E n = + MaX- (3.5.1) 

Consider the compact 

K' = {teT: Xit) ^ ^} 

where X is given by fl3.3.5l) . By Lemma [3.2[ for any ^ N{6,p) and for any (f 
satisfying fl3.3.2l) we can find u = ^{N, ip) > 2 deg ip, such that 

^ Jt\k' ^ WpWm 

holds for all s G supp(p). We now choose ip = ip^j to be the trigonometric polyno- 
mial given by Lemma 13.31 with 

ri = e-^N-^/\ (3.5.2) 
where N is taken large enough such that < 77 < 1. Then 

(1 + II^IIX)"^ ^ exp(iV||^||^J ^ exp(CViV) ^ exp(C%-'^), 
so from (13.5.11) it follows that 

\\l-\\\A,^C{p,e) 6'/^. 

Denote H = X ■ 1k', then 



||A - HWa^ ^ ||A - H\\l2(^j) = \\X\\l^(j\k') ^ / ||As(i)||L2(T\K') d\p\ < 6. 

Jt\k' 

It is therefore clear that if 5 = S{p,e) is chosen sufficiently small, we get ||1 — 
H\\Aq < £■ We then define the function F as the convolution of H with a smooth 
non- negative function with integral = 1, which is supported by a sufficiently small 
neighbourhood of to ensure that X{t) > on K := supp(F). 

Finally, we show that the trigonometric polynomial X satisfied the required 
conditions. Indeed, ||X||oo ^ 1, and using the fact that u > 2deg(p we also have 

\\X\\a, = N^/^-'MIa, ^ CN^/P-'r]-' = Ce. 
The lemma is thus proved. □ 

3.5.2. Successive approximations. For each n = 0, 1, 2, . . . we shall con- 
struct an infinitely differentiable function /„ : T ^ C and two trigonometric 
polynomials Qn and P„, such that the following properties hold. For all ^ 0, 

(i) „ \9n{t)\ ^ (^)" on supp(/„), 

(ii) „ ||l-P„-^?„|U^<2-"-\ 
and for all n ^ 1, 

99 \n-l 



100' 



H„ \\gn^l-gn\\A,<2-^-\l+\\Po\\A+\\Pl\\A + --- + m " 



n-1 \\A 
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(V)„ ||/n-l-/„|U, <2- 

(vi)„ supp(/„) C supp(/„_i). 

The construction is done by induction. We define fo = go = Po 



1, and note 



that the properties (i) , and (ii) are satisfied. 

Suppose now that fk, Qk and Pk have been constructed for all ^ A; ^ n. Then 
fn+i, Qn+i and Pn+i can be constructed as follows. The property (i) ^ ensures that 

and 

(3.5.3) 



one can find a trigonometric polynomial h such that 

\gn{t) - h{t)\ < ^ ■ (^)", for every t E supp(/, 



For e > to be chosen, let K, F and X be given by Lemma 13.51 and set 

/n+1 := fn ■ F, Qn+i := Qn - h- X. (3.5.4) 

Indeed fn+i is an infinitely differentiable, and Qn+i is a trigonometric polynomial. 
Since we have 



Ifl'n 



fi'n+l|U„ 



\h-X\ 



^ \\h\ 



\X\ 



and 



ll/n - /n+lIU, = ll/n ' (1 " F)U, ^ ||/n|U l|l " ^^lU, ^ ^H/nlU, 

for a sufficiently small e the properties (iv)| ^^^ and (v)[ ^_)_-^ will be satisfied. Also 

\\n — n II — \\h Y\\ < WhW II Y\\ < 99 'l" 
II i/n i/n+1 \ \ca ||" ^||oo ^ ||"'||oo ||^||oo ^ V ]^qq ) j 

which gives (iii)[ ^_^-| . Next, note that supp(/„+i) C supp(/„) fl K and so property 



VI 



is satisfied. Also, the fact that \1 — X (t)\ < ^ on K , together with (13.5.31) . 
allows to conclude that for every t G supp(/„+i) 

\gn+i{t)\ = \gnit) - h{t)X{t)\ = \gnit) - h{t) + (1 - X{t))h{t)\ 
^\g^{t)-h{t)\ + \l-X{t)\-\h{t)\ 



^ 100 VlOO'' ^ 50 UOO^ 

holds as well. Finally, note that 

n+1 

II 1 ~ S'n+lIU 



99 \n I 49 



99 \n 



hence Ki 



• 99 \n+l 



IV 



IV 



IV 



n+1 



, ^$^lk.-i-^7fclU, < J]2-'=-i<2-i 



.^^ imply that 
(3.5.5) 



k=l 



hence the trigonometric polynomial gn+i is non-zero. One can therefore find a 
trigonometric polynomial P„+i satisfying |(ii)[ ,_|_i (see [|19j . Chapter VIII, §6). 

The constructed /n+i, gn+i and P„+i thus satisfy all the required properties. 



and 



VI 



together 



3.5.3. Conclusion of the proof. The properties 
with /o = 1, imply that the sequence /„ converges in Aq to a non-zero distribution 
5* such that supp(5') C fl-^i supp(/n). The properties (iii) ^ and (iv) ^ imply 



that the sequence gn converges both uniformly and in ApiT) to a function g e 



C(T) n Ap(T). From it is seen that g{t) = for every t G supp(S'). In 
addition, using {iv)l we have 

oo oo 

ll^n-(^7n-^7)|U, ^llPnlU E II ^^^-1 " lU, ^ ^ 2-'=-^ = 2""-\ 

fc = 71+l fc = 71+l 

and therefore 

111 - P„ ■ g\\A, ^ 111 - P„ ■ gnh, + \\Pn ■ {9n " 9)\\a, < 2"""^ + 2-^-' = 2-^. 

That is, the function 1 can be approximated in Ap{T) by functions of the form P-g, 
where P is a trigonometric polynomial. This easily implies that any trigonometric 
polynomial can be approximated by these functions, which shows that the set 
(13.2.11) is dense in Ap(T). The function g therefore satisfies the two conditions 
given in Theorem 13. 3[ so the proof is complete. 

3.6. The LP(R) version 

In this section we prove Theorem 13. 2[ 

3.6.1. Being given a Schwartz function 7(x) on M, consider the linear oper- 
ator T which maps each trigonometric polynomial 

fit) = J2 /(^)^"* 

\n\<iN 

to the function Tf : R ^ C defined by 

(r/)(x) = Y /(^) + ^ e M. (3.6.1) 

\n\^N 

Clearly Tf is a Schwartz function, for every trigonometric polynomial /. 
Lemma 3.6. ||T/||lp(ir) ^ MH/H^pCir), the constant M not depending on f. 
Proof. We must show that for any and scalars {c(n)} one has 



V c(n)7(x + n) ^ M||{c„}|| 



for some M = M{'y). An application of Holders's inequality yields 

I c{n)'y{x + n) ^ ^ |c(n)|^ |7(x + n)| j ^ |7(x + n) 

\n\^N \n\iiN \n\<iN 

Choose M large enough so that 

sup 2-17(^ + ^)1 ^ ^■ 

Then 

Y c(n)7(x + n) ^ M^^^ ^ |c(n)|P |7(x + n)|. 

|n|^Af \n\^N 
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If M is sufficiently large then also |7(a^)| dx ^ M, thus integration yields 
I I c{n) -f{x + n) " dx ^ MP ^ \c{n)\P. 

This proves the lemma. □ 

Lemma 13.61 allows to extend the linear operator T by continuity to a bounded 
operator T : Ap{T) — > L^(M). It follows from (13.6. ip that T has the properties 

T(e^"V)(x) = (T/)(x + n), (3.6.2) 

and 

(T7)(t)=7(t)/(t), teR, (3.6.3) 

where in (I3.6.3P the function / is considered as a 27r-periodic function, and the 
equality is understood in the sense of distributions, or almost everywhere. 



3.6.2. Choose a Schwartz function 7 whose Fourier transform 7 has no zeros, 
and let g G C(T) r\Ap{T) be the function given by Theorem 13.31 Define a function 
G G L^(M) by G := Tg. For each trigonometric polynomial P, 

II7 -T(P-^) ||iP(K) = \\T{1 - P ■ g)\\LP(R) ^ ||T|| ■ \\1 - P ■ g\\A^{j). 

The set {P{t)g{t)} is dense in Ap{T), so in particular the constant function which 
is equal to 1 identically, can be approximated by products P{t)g{t). It follows 
that 7 can be approximated in Lp(M) by functions of the form T(P ■ g). Observe 
that T(P ■ g) is a finite linear combination of translates of G (in fact, integer 
translates), according to (I3.6.2p . The function 7 therefore belongs to the closed 
linear subspace of L^(M) generated by the translates of G. But 7 is a Schwartz 
function with a no n- vanishing Fourier transform, so it is a generator in L^(]R) (see 
[3]). Hence G is a generator as well. 

On the other hand, choose an infinitely differentiable function / : T — > C 
such that Zf = Zg, and define F := Tf e Lp{R). By we have F{t) = 

7(t)/(t) and G{t) = ^{t)g{t), and since 7 has no zeros it follows that F and G are 
continuous functions having the same zero set. We also note that F is a Schwartz 
function. Let us show that F is not a generator. Indeed, the set Zf C T supports 
a non-zero distribution 5* belonging to Aq{T). Since Zf is not the whole circle, we 
may identify S with a distribution on M, supported by an interval of length < 2n, 
whose Fourier transform belongs to L''(M) (see [4], Corollary 10.6.6, p. 197). But 
the zero set of F (i.e. the 27r-periodization of Zf) contains the supports of 5*, 
hence F cannot be a generator (see |38j . Theorem B). 

This completes the proof of Theorem 13.21 
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3. GENERATORS IN AND ZERO SET OF FOURIER TRANSFORM 



3.6.3. We conclude this chapter by clarifying our remark made earlier, that 
the functions F and G in Theorem 13.21 could in fact be chosen as the restrictions 
to the real line of two entire functions of order 1. 

Indeed, we can choose our function 7 such that its Fourier transform 7 decays 
arbitrarily fast. In particular, we may assume that for every positive number r, 

|7(t)| = 0(e-l*l'), |t|^oo. (3.6.4) 

In this case the integral 

F{z) = — I F{t)e''^dt, z = x + iy, (3.6.5) 

will converge absolutely and uniformly in every strip \y\ ^ yQ, hence a standard 
argument shows that F{z) is an analytic function in the whole complex plane. Let 
us prove that it has order 1. It will be enough to show that |-F(2;)| = 0(e'^'") for 
every a > 1. Obviously there is the estimate 

\F{z)\^C [ m\e\y\-\'\dt, C:= ll/IU- 
Jr 

Let now P denote the exponent conjugate to a satisying 1/a + 1/P = 1. Then by 
Young's inequality \y\ ■ \t\ ^ + ^l^l'^; and consequently 

\F{z)\^Cexp{^\yr) [ m\exp {'^\t\^)dt. 

Jr 

The condition fl3.6.4p now implies the convergence of the integral on the right hand 
side, so we get |-F(2;)| = 0(exp(^|?/|")). This shows that F is an entire function of 
order 1, and by similar arguments the same conclusion is true for the function G. 



CHAPTER 4 



Related Problems 

In this chapter we study further aspects of Piatetski-Shapiro's phenomenon in 
£g (g > 2), and obtain several strengthenings of Theorem 12. 1[ First we determine 
how small could be a compact satisfying Piatetski-Shapiro's phenomenon, and in 
particular, how small can be the Hausdorff dimension of such a compact. Also 
the relation with a certain Fourier-analytic dimension will be discussed. Another 
question under consideration is whether Piatetski-Shapiro's phenomenon is "typi- 
cal" or "rare" . Lastly, we study the relation with sets of interpolation for the class 
{Ap n C)(T), namely p-Helson sets. 

4.1. Shrinking method, Hausdorff dimension 

4.1.1. Introduction. In Section [1.1.21 we referred to the theorem of Kauf- 
man: any set of multiplicity contains a Helson set of multiplicity. In this section 
we are interested in the following corollary of Kaufman's theorem: 

Let K be a compact which supports a non-zero distribution S with Fourier 
coefficients tending to zero. Then there is a compact Ki C K , which also supports 
a non-zero distribution Si with Fourier coefficients tending to zero, but which does 
not support such a measure. 

In other words, any compact of multiplicty can be "shrinked" to a compact of 
Piatetski-Shapiro type. It follows, for example, that such a compact can be "as 
small as desired" in the sense of Hausdorff dimension. Indeed, it was proved by 
Ivashev-Musatov [14] that for any continuous non- decreasing function h{t) defined 
for t ^ 0, h{Q) = 0, there exists a set of multiplicity (even in the restricted sense) 
with Hausdorff /z-measure zero. It then follows that there is a compact K which 
has this property and which satisfies Piatetski-Shapiro's theorem. 

It is interesting to remark that the Hausdorff dimension of the original Piatet- 
ski-Shapiro compact (0 < 7 < 1/2) (see Section II. 1.11) was computed by 
Besicovitch |2|. It is the number a G (0, 1) determined by the equation 

2^ ^ 

- ^7(1-^)1-7- 

Observe that by a convenient choice of 7 the dimension a can be made arbitrarily 
small, but it remains positive. 

4.1.2. Result. Here we obtain a strengthening of Theorem 12. II which is anal- 
ogous to the above mentioned "shrinking theorem". We prove the following result. 

39 
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4. RELATED PROBLEMS 



Theorem 4.1. Suppose a compact K C T supports a non-zero distribution S 
such that S E iq (g > 2). Then there is a compact Ki C K , which also supports a 
non-zero distribution Si with Si E iq, but which does not support such a measure. 

In particular, this allows us to determine the smallest possible Hausdorff di- 
mension of a compact satisfying Theorem 12. 1[ It is known that a compact K 
which supports a distribution S with S E iq, has Hausdorff dimension ^ 2/q (see 
[19] . Chapter VIII, §4). On the other hand, there are examples of compacts K of 
Hausdorff dimension = 2/q which support such a distribution (and even a posi- 
tive measure); this may be deduced from a result of Korner [261 Theorem 1.2] or, 
alternatively, in \39l Theorem 5] it is explained how to deduce this from results of 
Kahane [17] . By applying Theorem 14.11 to such a compact we obtain: 

Corollary 4.1. For any q > 2 there exists a compact K on the circle, which 
satisfies the result of Theorem \2.1l and which has Hausdorff dimension 2/q. 

4.1.3. Shrinking lemma. We will use the shrinking method of Kaufman, 
which corresponds to the multiplication of a distribution by a function / in 
order to "shrink" its support, see Chapter VII] and [HI Theorem 4.6.2] for 
more details. The proof of Theorem 14.11 will depend on the following replacement 
for Lemma [2. 9[ 

Lemma 4.2. Let K be a compact on the circle, and suppose that S E Aq is a 
non-zero distribution supported by K. Being given e > and a positive integer v, 
one can find a compact Ki G K with the following properties: 

(i) Ki supports a distribution Si E Aq, \\Si — SWa^ < 

(ii) There is a real trigonometric polynomial 

X{t) = J2 ^(«)e'"*, ll^llp ^1, i^< X{t) ^ 100 on Ki. 

|n| ^1/ 

In order to prove Lemma 14.21 we shall need the following lemma (also compare 
with Lemma [3. 4p . 

Lemma 4.3. Let f be a function in A, and S be a distribution in Aq. For any 
integer m we denote fmif) = fimt), and consider the product Sfm- Then 

hm ||5/„|U, = ll/IUJISIU,. 

Proof. Given two trigonometric polynomials P and Q, consider the product 
QPm, where we denote Pm{t) = P{mt). It is easy to check that if m is sufficiently 
large then ||Q-Pm||Ag = IIQIU, ||-P|Uq, since each non-zero Fourier coefficient of 
QPm will be a product P{j)Q{k). 

Given e > 0, we choose P and Q as partial sums of the Fourier series of / 
and S, respectively. By an appropriate choice we may have the difference between 
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||(5|UJ|-P|Uq and II "S* II ^^11/ 11^^ be smaller than e by modulus. In addition, by a 
standard argument we have 

\\sfm - QPJW QWaMU + IIQIUJI/ - P|U , 

so we may also satisfy 

\\Sfrn-QPrn\\A,<e 

for every m. It follows that for sufficiently large m, the difference between ||5'/m||^^ 
and ll/IU, ll'S'llAq is smaller that 2e by modulus. □ 

Proof of Lemma 14.21 Using Lemma 12.91 one can find a compact E C T, a 
C°° function / : T ^ C and a real trigonometric polynomial X such that 

(i) / is supported by E, \\f - 1\\a, < s/\\S\\a,- 

(ii) X{t) = E|„|>^He™*, ll^ll, ^ 1 and ^ ^ X{t) ^ 100 on E. 

Define fm(t) = fijnt), X^if) = X{mt) and let E^ denote the compact defined 
by = l£;(mt). Then for every positive integer m the conditions (i) and (ii) 

are also satisfied by Em, fm and Xm instead of E, f and X. Let Sm denote the 
product Sfm, then due to Lemma IT3] 

hm ||^^-^|U^= hm ||S(/„-l)|U, = ||S|UJ|/-1|U, 

m— >oo m— »oo 

Hence for sufficiently large m, the compact KnEm satisfies the conditions (i) and 
(ii) of Lemma □ 



4.1.4. Conclusion of the proof. We now deduce Theorem 14. II from Lemma 
14. 2[ Let K he a compact on the circle, and let 5 be a non-zero distribution in Ag 
supported by K. Choose numbers ej > 0, Yl^i^j < ll'S'lUg and positive integers 
Uj such that and uj — >■ cxo. [j —>■ oo). Using Lemma [4.21 one may construct by 
induction compacts Kj on the circle {Kq = K), distributions 5*^ in Ag {Sq = S) 
and real trigonometric polynomials Xj such that, for every j ^ 1 

(i) C 

(ii) Sj is supported by Kj. 

(iii) II 5^ - Sj^iWa, < Sj. 

(iv) X,{t) = X,(n)e-*, ||X,||, ^ 1 and ^ ^ X^{t) ^ 100 on K,. 

It follows that the sequence 5*^ conveges in the Ag norm to a non-zero distri- 
bution Soo supported by = fljli ^j- Lemma [^TTl K^o does not support a 
non-zero measure fi in Ag. We have thus obtained a compact Koo as required, so 
the theorem is proved. 
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4.2. Fourier-type dimension 

4.2.1. The Fourier dimension of a compact i^' C T is usually defined as 
the supremum of the numbers ^ /3 ^ 1 for which there is a positive (non-zero) 
measure fx, supported by K, such that IJiin)] = 0(|n|~^/^). A well-known property 
of the Fourier dimension is that it can never exceed the Hausdorff dimension 
of K (see |19] . Chapter VIII). The Fourier dimension need not coincide with 
the Hausdorff dimension in general. This is not surprising since the Hausdorff 
dimension is related to metrical properties of the set, while the Fourier dimension 
is closely related to its arithmetical properties. 

In this section we consider a quantity similar to the Fourier dimension. We 
define the number go = QoiK) to be the infimum of all g > 2 for which there is a 
positive measure /i, supported by K, such that /i G £q. The number go, like the 
Fourier dimension, could be used to estimate the Hausdorff dimension from below: 
the set K has Hausdorff dimension ^ 2/go (see Section HH]). 

Rosenblatt and Shuman in |39j used results of Beurling [3], Salem [41] and 
Kahane |17j to construct compact sets K with go being any preassigned number, 
go > 2. They constructed such examples in which K supports a positive measure 
with Fourier coefficients belonging to iq^, and also other examples in which K does 
not even support such a distribution. 

Here we construct an example which exhibits a different "threshold behavior" . 
The following strengthening of Theorem 12.11 is true: there is a compact K which 
does not support any measure /i with Ji E iq^, qo = %{K), but which does support 
such a distribution. In fact, we prove a bit more than that: 

Theorem 4.2. For any go > 2 there exists a compact K such that 

(i) K supports a positive measure fi such that /i G ng>qo ^q- 

(ii) K does not support any measure with Fourier coefficients belonging to iq^. 

(iii) K supports a distribution S with Fourier coefficients belonging to ig,^ . 

4.2.2. In order to prove Theorem 14.21 we add a new ingredient to Lemma 

Lemma 4.4. Let q > 2 be given. For any e > and any positive integer u one 
can find a compact K on the circle, two C°° functions f,g:T^C and a real 
trigonometric polynomial X such that 

(i) / is supported by K . 

(ii) /(t) = i + E„^o/He^"*. II/-1IU, 

(iii) g is supported by K . 

(iv) g{t) ^ 0, t G T. 

(v) git) = 1 + E„^o?He^"S 11^? - ilU,+. < ^■ 

(vi) X{t) = En^^We^"*. Il^llp ^ 1. TM ^ ^ «^ 
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Proof. We choose /, K and X according to Lemma [231 Using the notations 
of this lemma, we now explain how to choose the function g. In view of I2.4.H for 
any ^ < s < | we have 

\Un)\''" < Yl (liV-(«+^)/^)^l"^l = (1 + N-'-'/'^f - 1, 

n^O 0^f6{-l,0,l}^ 

from which we deduce the estimate 

J2 l^-(^)r'^' ^ exp (iV-^/«) - 1 . (4.2.1) 

Let gi{t) = Xg ■ tx' for some arbitrary choice of ^ < s < i. Then gi is a positive 
function supported by K', and 

II -^s — fl'llUq+E ^ II — 5'i||l2(t) = ||As||l2(x\x') < S. 

The right side of (14.2. ip is also smaller than 6, if is sufficiently large. So, as 
before, we can define g2(t) = fi'i(t)/^i(0) and take g to be the convolution of g2 
with an appropriate smooth kernel. □ 



4.2.3. We now conclude the proof with a similar procedure as before. 

Proof of Theorem 14.21 As in the proof of Theorem fm we choose by in- 
duction a sequence {ej} and let fj, gj, Xj and Kj be given by Lemma HiH (with 
g = go)- If the {ej} are tending to zero fast enough then the product YlJLi fj will 
converge in Ag^ to a non-zero distribution 5", which is supported by the compact 
K = f]^-^^Kj. Lemma [2.11 implies that K supports no non-zero measure in Ag^^. 

We define the measure fi as the product YlJLi 9j- Denote qj = Qq + Ej, Gq = 1 
and Gj = gi - ■ ■ gj. Given any g > go, we have qj < q for all sufficiently large j, 
which implies 

\\Gj+i - Gj\\Ag ^ \\Gj+i - GjIIa,^^^ ^ IICjIU ■ ||5'i+i - l|Uq^+i- 

Hence if we choose 

£1 < 2"^ and H^fi ■ 5(2 • . . . ■ |U < S"^"-' (j = l,2, ...) 

then the product Il^iS'i will converge in Ag, for all g > go, to a distribution /x. 
For each j, the function g^ is positive and supported by K^^ so is a positive 
measure supported by K. Finally, we have 

|G,+i(0) - G,(0)| ^ ||G,+i - G,|U,^,^^ < 
and therefore |/i(0) — 1| < Xlo" < 1, so /i is non-zero. □ 
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4.3. Baire category 

In this section we consider the question: is the phenomenon of Theorem 12.11 
"typical" or "rare"? 

One possible approach to such type of questions is via probability theory. In 
this context, the introduction of a probability measure space allows one to consider 
an almost sure event as "typical" , and the complement of such an event as "rare" . 
Probabilistic methods in the theory of thin sets were used by Kahane and Salem, 
see [T9] and [T7]. 

Another approach is via Baire category. In this case, the introduction of a 
complete metric space is required. Rare phenomena then correspond to sets of 
first category, also known as meager sets, while typical phenomena correspond 
to their complements, namely the residual sets (we recall the precise definitions 
below). In connection with thin sets, Baire category arguments were used by 
Kaufman \21\ . Kahane |15] and Korner [27] . For more details see [18] . 

Inspired by Korner's paper [27] we use the Baire category approach to show 
that the phenomenon of Theorem 12.11 is "typical" in an appropriate sense. 

4.3.1. Preliminaries. We briefly recall the notions of Baire category theory. 
Let be a complete metric space. A subset of ^ is called nowhere dense 
if its closure has no interior points. Equivalently, a set is nowhere dense if its 
complement contains an open, dense set. A subset of 3^ is called a set of first 
category, or a meager set, if it is contained in the union of countably many nowhere 
dense sets. The complement of a set of first category is called a residual set. 
Equivalently, a set is residual if it contains the intersection of countably many 
open dense sets. The Baire category theorem reads as follows. 

Theorem (Baire). In a complete metric space, any residual set is dense. 

The meager sets in the theory of Baire category play the same role as the sets 
of measure zero in probability theory. If the set of elements x & ^ satisfying a 
certain property P is residual, we will say that P is "typical" or "quasi-sure". It is 
also common to use statements like "P holds quasi-surely" or "quasi-all elements 
xe ^ satisfy P" . 

4.3.2. Result. We denote by /C(T) the collection of all non-empty, compact 
subsets of T. We define the e -neighborhood of a compact K G /C(T) to be the set 

K,= \J{t-e,t + 6). 

In other words, is the open set consisting of all points whose distance from 
K is smaller than e. Given two compacts K, K' G /C(T), we define the Hausdorff 
distance between K and K' to be 



6{K, K') = mf{e > : K C K'^ and K' C K,}. 
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It is well-known that the space /C(T), equipped with the Hasudorff distance, is a 
complete metric space (see |23j . IV. 2). 

Following the theme and notation of Korner |27] , we now introduce the metric 
space suitable for our purpose, as follows. Being given a number g > 2, we define 
Qq to be the collection of all ordered pairs {K, S) such that K G /C(T) and 5* is a 
distribution in Ag supported by K. We equip the space Qg with the metric 

dUK, S), (K', S')) = 5{K, K') + \\S- S'Wa,. (4.3.1) 

It is obvious that Qq is a metric space. Moreover, we have 

Proposition 4.5. The metric space Qg is complete. 

The fact that Qg is a complete metric space justifies the use of Baire category. 
The result of this section is that Piatetski-Shapiro's phenomenon is "typical" in 
the space Qq. Precisely, we prove: 

Theorem 4.3. For quasi-all pairs {K, S) G Qq, the following holds: 

(i) The distribution S supported by K is non-zero. 

(ii) The compact K supports no non-zero measure ^ & Aq. 

4.3.3. Basic facts. We first describe some basic properties of the space Qq 
which will be needed. Their proofs are essentially the same as those given in [27] . 
We start with the proof of the fact that Qg is complete. 

Proof of Proposition Sm The product space /C(T) x Ag{T), endowed 
with the metric (14.3.11) . is certainly a complete metric space. It is therefore enough 
to show that Qg is a closed subspace of /C(T) x Aq{T). 

Let {K,S) G /C(T) X Aq(T), and suppose that {K,S) ^ Qq. Then S is not 
supported by K, hence there exists a C°° function (f : T C which vanishes on 
some open set f/ C T containing K, and such that {S, ip) ^ 0. Choose e > such 
that Ke dU Bxide\\ip\\Ap < I ("S*, v^) |. We claim that the open ball with center {K, S) 
and radius e is disjoint from Qq. Indeed, suppose that [K' , S') G /C(T) x Aq{T) is 
such that d{{K, 5), {K' , S')) < e. Then 5{K, K') < e, which implies K' C K„ and 
therefore vanishes on an open set containing K'. Also \\S — S'Wa^ < £, which 
implies \{S,(p) — {S',Lp)\ < e\\Lp\\Ap, and therefore {S',ip) ^ 0. This shows that 
[K' ^ S') ^ Qq. We have thus confirmed that the complement of Qq is an open set, 
which proves the claim. □ 

We will use the following fact about the topology of Qg. 
Lemma 4.6. For any open set U G T, the sets 

{{K, S)eQg:K(lU} and {(K, S)GQq: supp(^) H t/ ^ 0} 
are open sets in Qq. 

The proof of Lemma 14.61 is based on similar arguments as in the proof of 
Proposition 14. 5[ so we omit it. 
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Lemma 4.7. Quasi-all {K, S) G Qg have K = supp(5'). 

Proof. Let {K,S) G Gq- If supp(S') ^ K, then there is a closed arc J C T 
such that K n J ^ 0, and such that S vanishes on the interior of J. Moreover, 
we can choose J to be an arc with rational endpoints. The collection of all pairs 
{K, S) G Qq such that supp(S') ^ K is therefore contained in a countable union of 
sets of the form 

A{J) = {{K, S) E Qq : K r\ J ^ ^, S vanishes on the interior of J}, 

where J denotes a closed arc. It is therefore enough to prove that A{J) is nowhere 
dense, for any such J. 

From Lemma [4.61 it follows that A{J) is closed, so we only need to show that 
its complement is dense. To this end, let {K, S) G A{J) and e > be given. Since 
K n J ^, we can choose a closed arc /, of length smaller than e/2, which is 
contained in the interior of J and such that / C Define K' = K U I, then 

S{K,K') ^ 6/2. Next choose a non-zero function ip : T C, supported by 
J, such that llv^lUg < £^/2. Define S' = S + if, then S' does not vanish on the 
interiour of J, and \\S — S'Wa^ < £/2. We therefore found {K', S') G Qq such that 
d{{K,S),{K',S')) < e and {K',S') ^ A{J). This proves that A{J) is nowhere 
dense. □ 

An immediate consequence of Lemma 14.71 is the fact that 5* 7^ for quasi-all 

(K, S) G Qq. 

4.3.4. Proof of main result. 

Lemma 4.8. Let {K, S) G Qq. Given any e > and any positive integer u, we 
can find {K', S') G Qq, d{{K, S), {K', S'j) < e, such that the following holds: there 
is a real trigonometric polynomial 

X{t) = J2 X{n)e'"'\ \\X\\p ^1, ^ ^ 

\n\'^v 

Proof. According to Lemma Wl\ the collection of all pairs (K, S) G Qq such 
that K = supp(S') is residual. In particular, by the Baire category theorem, this 
collection is dense. We may therefore assume that S" 7^ and K = supp(5'). 

We start with the same argument as in Lemma 14. 2[ Given 77 > 0, using 
Lemma 12.91 we can find a compact ii^ C T, a C°° function / : T — * C and a real 
trigonometric polynomial X such that 

(i) / is supported by E, \\f - 1\\a, < V- 

(ii) X{t) = E|„|>^He™*, ^ 1 and ^ ^ X{t) ^ 100 on E. 

Define fmit) = f{mt), Xmit) = X{mt) and let Em denote the compact defined 
by l-Emi^) — ^si'mt)- Then for every positive integer m the conditions (i) and (ii) 
are also satisfied by Em., fm and X^ instead of E, f and X. 
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We claim that by choosing first a sufficiently small t], and then a sufficiently 
large m, the required pair {K', S') could be found by taking S' to be the product 
Sfrr,, and K' = KnE^. 

Indeed, to make the distance between S and S' small, we may argue as in 
Lemma [4.21 that if m is sufficiently large then ||S" — 5*11^, will be arbitrarily close 
to IISIIaJI/ — l|Uq- So we may assume ||5" — S\\Aq < '7||'S'||Aq- In particular, if rj 
is sufficiently small then \\S' — S\\Aq < 

To make the distance between K and K' small, we argue as follows. First, we 
choose a finite set T C -ft' such that K C Then, since K = supp(S'), for 

every t E T we can choose a C°° function Lpt : T C, supported by — |, ^ + |), 
such that {S, ipt) ^ 0. We have 

1(5', ^,)- (5,^^)1 = 1(5' - ^, ^,)| <r/||^|UJ|^,|U^, 

so if ri is sufficiently small, (S", 7^ for every t E T (note that T was chosen 
before rj). It follows that supp(5") intersects each of the segments — + |), 
t eT. Since supp(S") C K' ^ this shows that T C It follows that K C K'^i2- 

On the other hand, K' C K, so we conclude that 5{K' , K) ^ e/2. 

We have proved that for an appropriate choice of 77 and m we have ||5" — 511^ < 
e/2 and 5{K' , K) ^ e/2, hence d{{K, 5), {K' , S')) < e as needed. ' □ 

Proof of Theorem 14.31 For any positive integer u, let denote the set 
of all pairs {K, S) G Qq for which there exists a real trigonometric polynomial 

X{t) = J2 ^He"*, \\X\\p ^1, < X{t) < 200 on K. (4.3.2) 

From Lemma [4.61 it follows that Wi, is an open set, while Lemma [4.81 implies that 
Wi, is dense. It follows that the intersection H^i ^ residual set. That 

is, quasi-all pairs {K, S) e Qq satisfy the following condition: for every z/ there 
is a real trigonometric polynomial X{t) satisfying fl4.3.2p . We may therefore use 
Lemma [2?T] (the precise constant which appears there is different, but clearly plays 
no special role), which implies that quasi-surely K does not support a non-zero 
measure E Aq. On the other hand. Lemma ITTI ensures that S ^ quasi-surely, 
so the theorem is proved. □ 

4.4. j9-HeIson sets 

4.4.1. A compact K on the circle T is called a p-Helson set if any function, 
defined and continuous on K, can be extended to a continuous function on the 
circle with Fourier coefficients belonging to ip. 

When p = 1 these are the usual Helson sets, which have been much studied 
(see |il6j ). Helson proved that such a set cannot support a measure with 
Fourier coefficients tending to zero. On the other hand, Korner [25] proved that 
a Helson set can support a distribution with this property, that is, there exists a 
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Helson set of multiplicity. Kaufman [22] strengthened the result by proving that 
any set of multiplicity contains a Helson set of multiplicity. 

We now turn to the case 1 < p < 2. Olevskii [331 134] constructed a compact 
set of measure zero, which is not p- Helson for any p < 2. On the other hand 
Demenko [6], [7] proved that if K is sufficiently small in the sense of Hausdorff 
dimension, or precisely, if dimi^ < 2 — 2/p, then is a p-Helson set. We point 
out that no analog is true for p = 1; there exist countable compacts which are not 
Helson sets. An analog of Helson's theorem was proved by Gregory in |10j . and 
by Demenko in [6]. Precisely, they proved that a p-Helson set (1 < p < 2) cannot 
support a measure with Fourier transform belonging to £q, where q = p/{p — 1) is 
the conjugate of p. We remark that a p- Helson set can support a measure with 
Fourier transform tending to zero, as shown in |10] . 

Could a p- Helson set support a distribution with Fourier transform belonging 
to iq7 In this section we answer this question affirmatively. We prove the following 
strengthening of Theorem 12. 11 analogous to Korner's theorem about the existence 
of a Helson set of multiplicity. 

Theorem 4.4. For any 1 < p < 2 there exists a p-Helson set which supports 
a non-zero distribution with Fourier coefficients belonging to ig, q = p/{p — 

4.4.2. Let p be a fixed number, 1 < p < 2, and let q = p/{p — 1) be the 
exponent conjugate of p. We use the following characterization of p-Helson sets, 
which is due to Gregory [10] . 

Proposition 4.9 (Gregory). A compact K is a p-Helson set if and only if 
\^\{K) = for every measure fi & Ag. 

We also need the following lemma: 

Lemma 4.10. Let K be a compact on the circle, and be a measure in Ag{T). 
Then the measure Ik ■ belongs to the closure of AgOMiT) in the M(T) norm. 

The proof of Lemma [4. 101 is very similar to that of Lemma [2l2| so it is omitted. 

Lemma 4.11. Suppose a compact K on the circle satisfies the following condi- 
tion: for any e > there is a real trigonometric polynomial X such that 

||X|U^1, ||X|U, <£, X{t)>^onK. 

Then K is a p-Helson set. 

Proof. Let ^ e AgH M(T). Given e > 0, by Lemma SHU] one can find a 
measure /^i G Ag{T) such that 

Our assumption on the compact K now allows us to choose a real trigonometric 
polynomial X satisfying ||X||oo ^ 1, ||-^IUp IU, < ^if) > Then 

j Xdfii ^ [ X\d^i\-e\\X\\^^^\fI\{K)-e. 
Jt Jk 
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On the other hand, 



-n 



^ II^IUJI/^ilU, < e- 



It follows that l/iK-ft') = 0, for every measure /i G Aq. By Proposition 14.91 this is 
equivalent to the fact that i^" is a p-Helson set. □ 

Proof of Theorem 14.41 For a sequence {ej} tending to zero, we choose 
Kj, Fj and Xj according to Lemma I3.5[ As before, we can choose the Ej by 
induction, in such a way that the product YlJLi Fj will converge in Aq to a non- 
zero distribution S supported by K := fl^li ^j- Lenima 14.111 now implies that K 
is a p-Helson set, so the theorem is proved. □ 



CHAPTER 5 



Orlicz Spaces 



In this chapter we show how the method developed in Chapter[2]can be adopted 
to further extend Piatetski-Shapiro's phenomenon to spaces of sequences more 
general than iq spaces. As mentioned before, it is known that no Piatetski-Shapiro 
phenomenon exists in certain weighted ^2 spaces. A substantial difference between 
Iq spaces and weighted spaces is that Cq spaces are rearrangement invariant, while 
weighted spaces are in general not. By "rearrangement invariant space" we mean 
a space ^ of sequences on Z such that, for every sequence G ^ and every 
permutation (i.e. bijection) cr : Z — Z, the sequence {Xa{n)} also belongs to ^ . 

Orlicz spaces, whose definion we recall below, is a well-known class of re- 
arrangement invariant spaces of sequences. They are therefore natural candidates 
for additional spaces where Piatatski-Shapiro's phenomenon could exist. We show 
that for a certain class of Orlicz spaces, this is indeed the case. 



5.1.1. Orlicz spaces. Let us start by recalling the basics of Orlicz sequence 
spaces, following |31] . An Orlicz function is a continuous non- decreasing and 
convex function on [0, oo) such that 0(0) = and \im.t^^ (f){t) = oo. To any 
Orlicz function (p there corresponds the so-called Orlicz space £^ consisting of all 
sequences of scalars x = {Xn}nez such that J2nez'^(\-^n\/ p) < oo for some p > 0. 
The space £^ equipped with the norm 



becomes a Banach space. Orlicz spaces generalize ip spaces in a natural way, since 
£p is the Orlicz space which corresponds to (pit) = t^. 

If 0(to) = for some to > 0, that is, vanishes in some neighborhood of zero, 
we say that is a degenerate Orlicz function. For a degenerate Orlicz function 0, 
as can be easily checked, the space coincides with ioo- Since this case is not of 
interest in our context we shall consider from now on only non-degenerate Orlicz 
functions. 

Two Orlicz functions 0i, 02 are said to be equivalent at zero if there exist 
constants C, M and to > such that, for all ^ t ^ to, 



5.1. Introduction 




(5.1.1) 



C-V2(M-H) ^ 01 (t) ^ C02(Mt). 
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In this case, = i^f,^ (i.e. both spaces consist of the same sequences) and the 
norms || ■ \\^-^ and || ■ \\^^ are equivalent. 

An Orhcz function (p is said to satisfy the Z\2-condition at zero if 

(f)(2t) 

hmsup— — — <oo. (5.1.2) 

t^o (Pit) ^ ' 

It is easily verified that (I5.1.2p implies that limsup^^g 0(Mt)/0(t) < oo for every 
M > 0. The role of the zi2-condition is illustrated by the following: 

Proposition 5.1 (see [31| . Proposition 4. a. 4). For an Orlicz function the 
following conditions are equivalent: 

(i) (f) satisfies the A2-condition at zero. 

(ii) ifjj is separable. 

n 

(iii) The system of unit vectors Cn = (. . . , 0, 1, 0, . . . ), n G Z, is complete in i^. 

5.1.2. Result. If no further conditions on are imposed, then it is easy to 
exhibit spaces where Piatetski-Shapiro's phenomenon does exist. For let K 
be the compact given by Theorem 11.11 and be a distribution supported by K 
such that 5* G cq. Then one may construct a (non-degenerate) Orlicz function (p 
such that S & (for this it will be enough that (p has a sufficiently fast decay at 
zero). Since (p is non-degenerate we have £^ C co, and it follows immediately that 
Piatetski-Shapiro's phenomenon exists in i^. 

Our last remark shows that if (p decays sufficiently fast at zero, then Piatetski- 
Shapiro's phenomenon does exist in i^. On the other hand, if (p decays sufficiently 
slowly at zero then no Piatetski-Shapiro phenomenon can exist in i^. Precisely, if 
\im mi (p{t)/t'^ > then C £2, hence any distribution S such that 5 G is 
automatically a measure (in fact, an function). 

In order to give non-trivial conditions under which Piatetski-Shapiro's phe- 
nomenon exists in i^, we introduce the following definition. We say that an Orlicz 
function (p is submultiplicative at zero if there exist constants M and t^ > such 
that, for every < s,t < to one has 

(p{st) ^ M<p{s)<p{t). (5.1.3) 

Submultiplicative Orlicz functions appear in the theory of operators in Orlicz 
spaces, see [28]. We can now formulate the result of this chapter. 



Theorem 5.1. Let cp he a non- degenerate Orlicz function satisying the follow- 
ing conditions: (i) lim^^o 'P{t)/t^ = 0; (ii) (p satisfies the A2-condition at zero; and 
(iii) (p is submultiplicative at zero. Then there is a compact K , which supports a 
distribution S such that S E i^, but which does not support such a measure. 

Remarks. 1. As mentioned above, the condition that (p be non-degenerate 
is required in order to exclude the case is = ioo- 
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2. The condition (i) can be relaxed a bit. In fact, as we will show, the theorem 
remains true if (i) is replaced by the weaker condition (i)' defined by 

(i)' liminf = and limsup0(t)/t^ < oo. (5.1.4) 

It can be checked that (i)' holds if and only if there exists a constant C 
such that II ■ ||<^ ^ C|| ■ II2, but the norms are not equivalent. As explained 
above, the condition liminf^^o 4'{t)/t'^ = is crucial in order to exclude the 
case C £2- 

3. We leave open the question whether the theorem remains true in the case 
limsup^^Q 0(t)/t^ = 00, and whether the conditions (ii) and (iii) could be 
relaxed or not. 

4. By choosing the function = {q > 2) one can see that Theorem 15. II is 
in fact a strengthening of Theorem 12.11 since in this case we have = iq. 

5.1.3. Example. Let us explicitly describe a family of Orlicz function to 
which Theorem 15.11 can be applied. Fix two numbers q > 2 and a > 0. Define 

0(t) = t''log°^ (5.1.5) 

for t > 0, and 0(0) = 0. It can be checked that (j) is continuous, non- decreasing 
and convex on some interval [0, to]. It is therefore possible to extend to the whole 
segment [0, 00) so that it becomes an Orlicz function. Note that the correspond- 
ing space will be the same regardless of how (p was extended, and the norms 
associated with two distinct extensions might be different but equivalent [31^ p. 
139]. It can now be checked directly using f l5.1.5p that the function satisfies the 
conditions of Theorem 15.11 It can also be checked that a sequence {xn} belongs 
to i(f, if and only if |a;„|'^ log"(e + |a;„|~^) < 00, where the notation is used 
to indicate summation only over indices n such that x„ 7^ 0. In view of these 
remarks, the conclusion of Theorem 15.11 in this case can be stated as follows. 

Corollary 5.2. For any q > 2 and any a > there is a compact K on the 
circle, which supports a distribution S such that 

^'|^(n)riog"(e+|5(n)ri)<oo, 
hut does not support such a measure. 

5.2. Lemmas 

5.2.1. Notation. From now on we assume that is a non-degenerate Orlicz 
function satisfying conditions (ii) and (iii) of Theorem 15.11 while instead of condi- 
tion (i) we will assume the weaker condition (i)' given by (15.1. 4p . We denote by 

the space of Schwartz distributions S on the circle T such that 5* G Equipped 
with the norm 115*11^^ := H^H,^ the space is clearly a Banach space. 
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It will be convenient to extend the definition of the Orlicz norm || ■ H,^ to 
sequences defined not only on Z, but on any finite or countable set /. Precisely, 
given a sequence of scalars {xn}nei we define 



[xn}U = inf{p > : 5^0(|x„|/p) ^ 1}. (5.2.1) 



In what follows r will denote a positive (small) number. Given r > 0, we let 
= N{r) denote the unique integer satisying 

^ < -^ + 1. (5.2.2) 



(p[r) (p[r) 
Note that ^ oo as r ^ 0, since (p is continuous and 0(0) = 0. 

5.2.2. Excluding measures. In Lemma [2.11 we considered a trigonometric 
polynomial Xit) whose Fourier coefficients satisfy ||{X(n)}||p ^ 1. This was used 
in order to deduce that 

\j2c{n)X{n)\^\\{c{n)}\U 

for any choice of scalars {c{n)}, where + = 1. In the context of Orlicz 
spaces, the analog claim is related to the description of the dual space of i^. It 
is known [311 pp. 147-148] that if satisfies the Z\2-condition at zero then the 
dual space £^ may be identified with another Orlicz space i^, where -0 is a certain 
Orlicz function "complementary" to 0. However, we shall not need such a result. 
The following lemma, which can be proved directly, would be sufficient for us. 

Lemma 5.3. Given r > 0, let N = N{r) be defined by (15.2.21) . Then for every 
choice of scalars ci, . . . ,cn one has 

n=l 

Proof. Since both sides of (15.2.31) are homogeneous, it would be enough to 
prove the claim in the case ||{cn}||(^ = 1. According to the definition (15.2. ip of the 
Orlicz norm, and due to the continuity of 0, this is equivalent to J2n=i 't>{\cn\) = 1- 
By the convexity of 0, and using (15.2.21) . we have 

N N 
n=l n=l 

However, is strictly increasing, since it is non-degenerate, so from (15.2.41) it 
follows that ^ J2n=i ^ That is, 

N 
n=l 

as we had to show. □ 
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With the aid of Lemma 15.31 we may now prove an analog of Lemma 12. 1[ 

Lemma 5.4. Let K be a compact on the circle. Suppose that for any posi- 
tive integer v there exists r > such that the following holds: the trigonometric 
polynomial defined by 

1 ^ 

X(t) = — Vcosz/^t, 

i=i 

where N = N{r) is defined by (EZD, satisfies ^ X{t) ^ 100 on K. Then K 
does not support a measure fi E A^f,. 

Proof. Suppose that ^ & A^n M{K). As in Lemma 1X21 given e > we can 
approximate in the M{K) norm by a measure fii G A^. We have 

^ //i(z/^) + /ii(-z/^) 



/ Xdfii = ^X(n)/2i(-n) = ^Y1 

'^'^ n& j=l 

hence it follows by Lemma [5.31 that 



(5.2.5) 



We now use the Z\2-condition: according to Proposition 15.11 the system of unit 
vectors {e„}„g2 is complete in f^, hence the Orlicz norm of the "tail" sequence 
{Jii{n)}\n\-^v is arbitrarily small if v is sufficiently large. From this it is easy to 
deduce that the quantity on the right side of fl5.2.5p is smaller than e for suffi- 
ciently large v. Once this has been established, the proof can then be finished as 
in Lemma [2. 1[ □ 

5.2.3. Riesz products. The appropriate Riesz product in this context is 

N 

A,(t) = JJ (l + 2srcosz/^t), 
i=i 

where < r < 1, = N{r) is defined by f l5.2.2p . | < s < | and z/ ^ 3. As before, 
this defines a probability measure on the circle T such that 

N 

^^[Y.'^ji^') = (^^)^'^'' ' f = {n,...,TM)e {-1,0,1}^. (5.2.6) 

Our corresponding trigonometric polynomial X{t) will be defined by 

1 ^ 

i=i 

and a straightforward calculation shows again that the expectation of X with 
respect to the measure is equal to s. We have the following lemma, whose 
proof we omit, as it is basically the same as the proof of Lemma [221 
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Lemma 5.5. Being given < r < 1, for v ^ z/(r) one has 

\s{t e T : \X{t) - s| > a} ^ 3 exp ( - ^a'^Nr^) (5.2.8) 
for every a > and every ^ < s < |. 

The next lemma is an analog of Lemma 12. 8[ Note however that the estimate 
(15.2.91) is given explicitly in terms of the function (p. This will allows us to prove 
the result under the weaker condition (i)' instead of (i). 

Lemma 5.6. Denote 

K' = {teT : ^ ^X{t) ^90}. 
Then for v ^ z/(r) and for every ^ < s < |, 

dt (/)(r) 



where C > is an absolute constant. 

Proof. We follow the same line as in the proof of Lemma [2.81 but somewhat 
improve on one of our estimates. We have 

N N 

A^(t) = JJ (l + 2sr cos uH) ^ exp (2sr ^ cos uH^ , 
i=i i=i 

so using (I5.2.7P we get 

Xs{t) ^ exp {2sNr^X{t)) . (5.2.10) 

We now apply Lemma [5.51 and for u ^ z/(r) we use (I5.2.8P and (15.2.101) . The 
same argument as in the proof of Lemma 12.81 will show that 

/ A^(t)|^^3exp(-2^^W). 

Also for any integer 90 ^ /c ^ 1/r, 

[ Xl{t) ^ ^ / As(t) ^ ■ max A,(t) 

J{t:k<X{t)<ik+l} 27r J[t:k<X{t)<ik+l} 27r ^t:k<X{t)<:k+l] 

^ 3 exp (-|(A; - sfNr'^) ■ exp {2sNr^{k + 1)) 
and so, since X{t) ^ 1/r for every t, 

[°° 15 

^ 3 / X ■ exp (— -jTrx^A^r^) dx = — — r . 
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We thus get 



)11 



Using (15.2.21) ■ the result follows. □ 

Remark. As one can see from the above proof, the estimate fl5.2.9l) is very 
rough. However, it will be enough for our purpose. 

5.3. Proof of main result 

To finish the proof of Theorem 15.11 it will be enough to establish the following 
analog of Lemma 12. 9[ Once this is done, the theorem follows by an iteration 
procedure as in the proof of Theorem 12.11 which we shall not repeat. 

Lemma 5.7. Let e > 0. There exists r = r{e), < r < e such that the 
following holds: for any v ^ v(r) there is a C°° function / : T — > C satisfying 

(i) / is supported by 

K= {teJ : ^ ^ 100} (5-3-1) 
where X is the trigonometric polynomial defined by fl5.2.7p . 

(ii) fit) = 1 + En^o/He^"*. where \\{f{n) : n ^ 0}|U < e. 



Proof. As in the proof of Lemma 12.91 given 5 > we choose a measure p 
supported by the interval (|, |) such that (11. 2. 21) holds. We then define 



X{t) = J Xsit)dp{s), 

and so by (15.2.61) 
It follows that 

J2<P{\X{n)\/6)^ J2 (5.3.2) 

We now use the submultiplicativity at zero: there exists M and to > such that 
(f){st) ^ M(f){s)(f)(t) for every s,t < to. It is easy to check that this implies 

(j){r^) ^ M^-^<P{rf (5.3.3) 

for all sufficiently small r. We will assume that M ^ 1, as we clearly may. We 
then apply (EAD to (EAD to get 

Y^<P{\X{n)\l6) ^ 5Z = (l + 2M0(r))^ < e^^^^-^M. 

n^Q fG{-l,0,l}^ 
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From fl5.2.2p we have N(f){r) < 1 + 0(r), and since is continuous and 0(0) = 
this shows that for sufficiently small r, N(f){r) ^ 2. So we arrive at the estimate 

5^0(|AH|/5)^e^^. (5.3.4) 

Observe that since is convex, 0(0) = and e^*^ > 1, we have 0(e~^*'^x) ^ 
g-4A/0^^'j ^^y. gr. ^ Q Thus using fl5.3.4p . 

5^0(|A(n)|e-^*V^) ^ e-^^^5^0(|A(n)|/5) ^ 1, 

and according to the definition of the Orlicz norm we conclude that 

||A-1|U, ^e^^^5. (5.3.5) 

We now use the conditions 

liminf 0(t)/t^ = and limsup0(t)/t^ < oo. 

First, it is easy to check that from limsup^^^ 0(t)/t^ < cxd it follows that a 
constant C exists such that ||{a:n}||(/) ^ C'||{x„}||2 for any sequence G £2- 

Second, from liminfj^oo 0(^)/^^ = it follows that there exist arbitrarily small 
values of r such that 

,11 <Pir)^'^" 



J C wpwM 

In particular, we may assume that r is small enough so that (15.3.51) holds. Using 
Lemma [5. 6 [ it follows that for u ^ z/(r) 

1/2 ^ 



(f A2(t) — V < 
\Jt\k' 27ry 



for every ^ < s < |. The function h := X ■ 1k' is then supported by K', and 

11^ - ^lU^ ^ C'llA - /i||L2(T) = C'||A||L2(Tr\^,) j \\>^s\\lHt\k') Mp(-s)| < S. 
We then continue as in the proof of Lemma 12. 9[ □ 
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